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J> ■ Abstract 

We study the structure and representations of a family of vertex algebras obtained from 
. afline superalgebras by quantum reduction. As an application, we obtain in a unified way 

\l ' free field realizations and determinant formulas for all superconformal algebras. 

o ■ 
m 

O ■ Introduction 

Qh' In this paper we study the structure and representations of the vertex algebras Wk{Q,x, f) 

r~| ■ introduced in |KRWj . Let us briefly recall the construction of these vertex algebras. The datum 

"j^ I we begin with is a quadruple (g, x, /, k), where g is a simple finite-dimensional Lie superalgebra 

with a non-zero even invariant supersymmetric bilinear form (. | .), x is an ad -diagonalizable 
element of g with eigenvalues in ^Z, / is an even element of g such that [x,f] = —f and the 
eigenvalues of ad x on the centralizer of / in g are non-positive, and A; S C. Recall that a 
^ I bilinear form (. | .) on g is called even if (golgi) = 0, supersymmetric if (. | .) is symmetric (resp. 

■ skewsymmetric) on gg (resp. gj), invariant if ([a, 6]|c) = (a|[6, c]) for all a,b,c S g. Note also 
that a pair (x, /) satisfying the above properties can be obtained by taking a non-zero nilpotent 
element / G gg and including it in an s^2-triple {e, x, /}, so that [x, e] = e, [x, f] = — /, [e, f]=x 
(then, up to conjugacy, x is determined by /). 

We associate to the quadruple {q,x, f,k) a homology complex 

(0.1) C(g, X, /, k) = (14(g) F^i^ ® , do) , 

where Vfc(g) is the universal affine vertex algebra of level k associated to g, F'^^ is the vertex 
algebra of free charged superfermions based on + q*^_ with reversed parity, F^^ is the vertex 
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algebra of free neutral superfermions based on Q112 (see |K4j for definitions), and do is an 
explicitly constructed odd derivation of the vertex algebra C{q, x, f, k) whose square is 0. Here 
g+ (resp. 01/2) denote the sum of eigenspaces with positive eigenvalues (resp. eigenspace with 
eigenvalue 1/2) of ad x (see Section^). The vertex algebra Wk{Q, x, f) is the homology of the 
complex (|U.1|) . In the case when the pair (x, /) can be included in an s^2-triple, we denote this 
vertex algebra by VFfc(g,/). 

Our main result on the structure of the vertex algebras Wk{Q,x, f) is Theorem 14.11 which 
states that the j'*^ homology of the complex (|fl.l|) is zero if j 7^ and the 0*^ homology vertex 
algebra (which is Wk{Q,x, f)) is strongly generated by fields J^^'J', where ai, . . . ,0^ is a basis 
of g-^ consisting of eigenvectors of ad x. This theorem also gives a rather explicit form of 
these fields. Furthermore, provided that k 7^ —h"^, we have an explicitly constructed energy- 
momentum field L{z) (see ()2.2() ). with respect to which the fields J^°-*^ have conformal weight 
1 — rrii, where [x,ai] = rrnai. Theorem 12. II of the present paper gives explicit formulas for the 
fields J^°'»J' in the cases when rrii = and —1/2, and the commutation relations between these 
fields. 

We study in more detail the simplest, but a very interesting subclass of vertex algebras in 
question, namely Wk{Q,e-e) that correspond to / = e-g, the lowest root vector of q (for some 
choice of positive roots), see Theorem 15.11 These vertex algebras are characterized among all 
vertex algebras Wk{Q, x, f) by the property that they are strongly generated by the energy- 
momentum field and the fields of conformal weight 1 and 3/2. Moreover, it turns out that, 
under some natural assumptions, any vertex algebra satisfying this property is one of the 
vertex algebras Wi-(a. e_fl) |FLj . |D] . Thus, all well known superconformal algebras are covered 
by this construction: 

Wk{si2,e-g) is the Virasoro vertex algebra, 

Wk{sis, e-e) is the Bershadsky-Polyakov algebra |B], 

Wk{spo{2\l),e^Q) is the Neveu-Schwarz algebra, 

Wk{spo(2\m), e^o) for m > 3 are the Bershadsky-Knizhnik algebras |BeKj . 
Wk{si{2\l) = spo{2\2), e-e) is the N = 2 superconformal algebra, 
Wk{si{2\2) /CI , e-g) is the = 4 superconformal algebra, 

Wk{spo{2\3),e-0) tensored with one fermion is the = 3 superconformal algebra (cf. 

insi), 

Wk{D{2, 1; a), e-g) tensored with four fermions and one boson is the big = 4 supercon- 
formal algebra (cf. .GSj ). 

Theorem 15.11 also provides a construction of the vertex algebra Wk{Q, x, f) as a subalgebra 
of Voj,(g<) F'^^ , where g< is the sum of eigenspaces of ad x with non-positive eigenvalues 
and Ok is a "shifted" 2-cocycle on g<[t,t^^]. Therefore the homomorphism g< — > go, where 
go is the centralizer of x, induces a realization of Wk{Q, x, f) inside Faj.(go) F^^ . In partic- 
ular, this construction gives an explicit free field realization of all vertex algebras VFfc(g,e_.e) 



2 



fTheorem l5.2() . recovering thereby all previously known free field realizations of superconformal 
algebras (see jK4j and references there). 

Given a highest weight module P of level k over the affine Lie superalgebra q associated 
to g, we have the associated C(0, x, /, /c)-module C{P) = P F^^ (g) F'^'^ with the differential 
(Iq . The homology H{P) of the complex (C(-P), dg) is a VFfc(g, x, /)-module. We show that if 
P is a generalized Verma module over g, then Hj{P) = for j 7^ (Theorem 16. 2|) . and that 
Hq{P) is a Verma module over W^is, x, f) if P is a Verma module over g (Theorem 16. 3p . Since 
the singular weights of a Verma module over g are known ,K2 , this allows us to construct 
sufficiently many singular weights for a Verma module over W^id, x, /). As a result, we get an 
explicit determinant formula for all vertex algebras Wfc(g,e_0) (Theorem 17. 2j) . which includes 
as special cases all previously known determinant formulas for superconformal algebras (in the 
"untwisted' sector; the twisted sector will be treated in jKW5j ). 

The special cases of free field realization and determinant formulas for the Virasoro, N = 
1,2,3,4 and big = 4 superconformal algebras are considered in Section |HJ (Due to |FKj 
these are all finite simple formal distribution Lie superalgebras which admit a central extension 
containing a Virasoro subalgebra with a non-trivial center.) 

In this paper we use some very simple homological arguments. The necessary general facts 
about homology are collected in Sectional 

Our paper represents further development of the ideas of Feigin and Frenkel |FFlj . |FF2j . 
|FBj who considered the very important case of the principal nilpotent element /, and of the 
paper |BTj . which treated the case when all eigenvalues of ad x are integers. In these works 
the homology of the corresponding BRST complex is studied and many results of the present 
paper are proved in the respective special cases, using similar methods. After the present paper 
was send to the archive, we learned about the paper |STj where a BRST complex similar to 
ours is studied along similar lines, and the paper |BGj where free field realisations similar to 
ours are established. 

In a forthcoming paper ' KW6j we shall develop the theory of characters of the vertex algebras 
Wfc(g,e_e), building on .KWT] - |KW4j and p<RWj . 

Throughout the paper all vector spaces, algebras and tensor products are considered over 
the field of complex numbers C, unless otherwise stated. We denote by Z, Z+ and N the sets 
of all integers, all non-negative integers and all positive integers, respectively. 

We wish to thank E. Frenkel for many insights, in particular, for providing a proof of 
Lemma l3. 21 We also wish to thank D. Vogan for a suggestion concerning anti-involutions. 

1 The complex C{q, x, f, k) and the associated vertex algebra Wk{g,x,f ) 

We recall here, following |KRWj (see also [K5j ). the construction of a vertex algebra Wfc(g, x, f) 
depending on a complex parameter k, via a differential complex C{q, x, f, k), associated to 
a simple finite-dimensional Lie superalgebra g with a non-degenerate even supersymmetric 
invariant bilinear form (. | .), and a pair x, / of even elements of g such that ad x is diagonalizable 
on g with half-integer eigenvalues and [x, f] = —f. 

We have the eigenspace decomposition of g with respect to ad x: 

(1.1) s = ©^.4^0,, 
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and we let: 

(1-2) 0+ = ©j>o0i , 0- = ©i<o0i , 0< = 00 ® 0- • 

The element / defines a skew-supersymmetric even biliiicajr form ^. | .)ne on 01/2 by the formula: 

(1.3) (a,6)„e ={f\[a,b]). 
This bilinear form is non-degenerate if and only if the map 

(1.4) ad / : Q1/2 0-1/2 is an isomorphism, 

which we shall assume. Denote by the centralizer of / in go. By 1)1.4(1 the g^-modules Q1/2 and 
0-1/2 are isomorphic. The bilinear form (. , .)nc is invariant with respect to the representation 

of on Qi/2- 

(1.5) ([T;,a],6)ne +(-l)^(''^^^"^(a,k6])ne =0 (^;G0^a,6E0l/2). 

Denote by A^^ the vector superspace Q1/2 with the bilinear form (|1.3() . Denote by A (resp. 
A*) the vector superspace g+ (resp. q\) with the reversed parity, let = A® A* and define 
an even skew-supersymmetric non-degenerate bilinear form (. , .)ch on A^h by 

(1.6) (A^>ch = = (A*,A*),h, 

(a,6*)ch = -(-l)^'(")P(^*)(6*,a)ch = &*(a) forae G A*. 

Here and further, p{a) stands for the parity of an (homogeneous) element of a vector superspace. 

Following |KRWj . introduce the differential complex {C{q, x, f, k), do), where C{q, x, /, k) is a 
vertex algebra depending on a complex parameter k and do is an odd derivation of all products 
of this vertex algebra, such that = 0- We have: 

(1.7) C{Q,xJ,k) = Vk{g)0F{g,xJ), 

where 14 (g) is the universal affine vertex algebra of level k associated to g and 

(1.8) F(g,X,/) =F(Aeh)®F(^nc), 

where F{Ach) (resp. F(A^c)) is the vertex algebra of charged (resp. neutral) free superfermions 
based on (resp. A^e). 

Recall that the vertex algebra Vfc(g) is constructed using the Kac-Moody affinization of 
g (cf. |K3j ) ■ which is the Lie superalgebra g = g[t, © CK © CD with the commutation 
relations {a,b £ q , m,n G X): 

[at"", = [a, + m(5„,_„(a|6)K , [D, at""] = mat"" ,[K,q] = 0. 

Let g' = g[t,t"^] © CK be its derived algebra. Then Vfc(0) = U{g')/U{g'){Q[t] © C{K - k)), 
as a left g'-module. Here and further, U{p) stands for the universal enveloping algebra of the 
Lie superalgebra p. Introduce the current attached to a G g: a{z) = X]nGz(^^")-^~"~"^- Recall 
that the A-bracket of the currents is [axb] = [a,b] + A(a|6)A:, a, 6 G g. Then, by the existence 
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theorem |K4j . the space Vfc(fl) carries a unique vertex algebra structure such that the vacuum 
vector |0) = 1, the infinitesimal translation operator T = — ^, and Y{at~^\0), z) = a{z), a G g. 

Given a vector superspace A with an even skew-supersymmetric non-degenerate bilinear 
form (. , .), the associated vertex algebra F{A) of free superfermions is defined by making use 
of the Clifford affinization of A, which is the Lie superalgebra A = A[t,t~^] + CK with the 
commutation relations (a, 6 E j4 , m,n £ "Z): 

[at"', br] = 6m,-n-i{a, b)K,[K,A]=0. 

Then F{A) = U{A)/U{A){A[t]eC{K -1)), as a left 1-module. The free superfermion attached 
to 93 G A is ip{z) = X]raez(V'^")-^~"~"^' ^^'^ A-bracket is: [ifxtp] = {(p,Tp),ip,tlj G A. Likewise, 
F(A) carries a unique vertex algebra structure with |0) = 1, T = — ^ and Y{ipt~^\0), z) = '^{z), 
(p€ A. 

The vertex algebra F{Ach) has the charge decomposition: 

-^(^ch) = ®m&Fm{Ac\f) , where charge ip{z) = - charge (p*{z) = 1 ior (p € A , ip* £ A* . 
Letting charge Vfc(£|) = 0, charge F(^ne) = 0, this induces the charge decompositions: 

(1.9) F{Q,X,f) =e^^zFm, C{Q,X,f,k) =e^^zCm. 

In order to define the differential do, choose a basis {ua}a£Sj of each gj in and let 

5 = ]J . 1 Sj, = IJ,>o'^i- p(q^) ^ Z/2Z denote the parity of u^, and let = j if 

a G Sj. Define the structure constants c^^ by [ua,up] = "^^c^/jUy {cXyfS,^ G S). Denote by 
Wa}aes+ the corresponding basis of A and by {y^'^}aes+ the basis of A* such that {tpa, y^^)ch = 
5af3- Denote by {^a}ai^s+ the corresponding basis of Aj^e , and by {^"}a(^Si/2 the dual basis 
with respect to (. , .)ne, i-e., {^ai^^)ne = Sai3- It will also be convenient to define for any 
£ EaGsC^Ua G 5 by letting = Z]ae5i/2 ^a^a- Following |KRWj. introduce the following 
odd field of the vertex algebra C{q, x, f, k): 

Then do := Res z d{z) is an odd derivation of all products of the vertex algebra C{q, x, f, k) 
and dl = 0, since by |KRWj . Theorem 2.1, [d{z),d{w)] = 0. Also, do{Cm) C C^-i- Thus, 
(C(0, x, /, A;), do) is a Z-graded homology complex. The homology of this complex is a vertex 
algebra, denoted by Wk{5,x, f), and called the quantum reduction for the triple {Q,x,f). 

We shall often drop the tensor product sign (gi, and also shall often drop z (for example we 
write d in place of d{z), da in place of ^a(z), etc.) if no confusion may arise. 

The most interesting pair x,f satisfying p.4jl comes from an s£2-triple {e, x,/}, where 
[x, e] = e, [x, f] = — /, [e, /] = x. In this case we have a stronger property: g^^ := {a G q\ [f, a] = 
0} C g<, or, equivalently, 

(1.10) 0^ = ejxoflj , where gj = {a G Qj\[f, a] = 0} . 
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This property is immediate by the s£2-i'epresentation theory. Since a nilpotent even element 
/ determines uniquely (up to conjugation) the element x of an s^2-triple (by a theorem by 
Dynkin), we use in this case the notation C{Q,f,k) for the complex and Wk{5, f) for the 
quantum reduction. In fact, up to isomorphism, the vertex algebra Wk{Q, f) depends obviously 
only on the adjoint orbit of / in the even part of Q. Note also that in this case the subalgebra 
0Q coincides with the centralizer of {e, x, /} in g. 

Property (jl.lOj) of the pair (x, /) will play an important role in the sequel. Note that this 
property is equivalent to 

(1-11) [/,0i] =0^-1 ifi < i 

Indeed, [/, Qj] 7^ Qj-i for j < ^ is equivalent to existence of a non-zero a € Q~j+i such that 
([/, gj]|a) = 0, i.e., ([/, a]|gj) = 0, which is equivalent to a G 0^j+i- 

The pair (x, /) and the corresponding ^Z-gradation (ll.lj) are called good if one of the 
equivalent properties Hl.lOf) or holds. In this case the g^'-modules g_i/2 and gi/2 are 

isomorphic. Furthermore, we have the exact sequence of g''-modules: 

„ f ad f ^ 

^ g^ ^ g- + go + gi/2 — >q~ ^0. 
It follows that ad / induces the following isomorphism of g^-modules: 

(1-12) 0-^ ^00 ©01/2- 

One can find a detailed study and a classification of good gradations of simple Lie algebras 
in pC| . 

Remark 1.1. Property 1)1.11(1 for j = gives: [go, /] = 0-1- In particular, it follows that / lies 
in the dense open orbit in g_i of the algebraic group Ggg whose Lie algebra is the even part 
of go- Thus, up to conjugacy, / is determined by x. Hence, instead of a good pair (x,/) one 
may talk about a good semi-simple element x, defined by the properties that the eigenvalues 
of ad X lie in and the centralizer of any element / from the open orbit of Ggg in g_i lies in 

0<- 

2 Fields of the vertex algebra I44(g,x, /) 

The dual Coxeter number /i^, defined as the half of the eigenvalue of the Casimir operator on 
g, is given by 

(2.1) h'^ = (p\9) + ^-{9\e) , 

where p is the half of the difference of the sum of positive even roots and the sum of positive 
odd roots of g, and 9 is the highest root (for any choice of a set of positive roots). 
Provided that k 7^ —h"^, define the energy-momentum (or Virasoro) field 

(2.2) L{z) = L^{z) + £x{z) + L^^z) + L°<= (z) . 
Here 
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is the Sugawara construction, where {n°}ae5 is the dual basis, i.e., {ua\u^) = Sap, 

L'"" = - ma : if'^dipa : + {I - ma) : {d^'')iPa : , = ^ Yl ■ (^^")^" ■ ■ 

The central charge of L{z) equals |KRWj : 

(2.3) c(5, X, f, k) = - 12k{x\x) - Y i-^T^"^ (12^2 - 12m„ + 2) - 1/2 sdim 01/2 . 

(Here and further sdim stands for the super-dimension of a super vector space.) 

With respect to L{z) the fields ^pa (resp. (/?") are primary of conformal weight 1 — 
(resp. m„), the fields <I>q are primary of conformal weight |, and the fields a{z) for a G g^- 
have conformal weight 1 — j and are primary unless j = and {x\a) 7^ 0. Furthermore, it was 
shown in |KRWj that the field d{z) is primary of conformal weight 1, hence [d\L] = Xd and 
do{L) = [d\L]\x=o = 0. Thus, the homology class of L defines the energy-momentum field of 
Wkis, X, /), which we again denote by L. 

In order to construct some other fields of the vertex algebra Wk{9, x, f), for v S g denote 
by Cai3{v) the matrix of ad v in the basis {ua}aeS, i-e., [v,u/3] = ^^^5 c^('v)'Ua- Given v G qj, 
introduce the following field of conformal weight 1 — j- 

(2.4) J(^\z) = viz) + Y ■ ^a{z)^^{z) : . 

The fields J^'^) will be the main building blocks for the vertex algebra W^is, x, f). They 
obey the following A-brackets |KRWj : 

(2.5) [J(--\J^-'^] = J([-'-']) + Xikiv\v') + UK,iv,v') - K,,{v,v'))) 

if V G Qi, v' £ Qj and ij > 0, where Kg (resp. /tg,,) denotes the Killing form on g (resp. go). 

The following important formula is established via the A-bracket calculus, using formulas 
(2.4) from |KRWj : 

(2.6) doiJ^''^) = Y iifM\up)^^ + Y (-1)^('')(^(^)+^) : ^^%,u,] : 

I3es+ i3es+ 

- Y (-l)P(^)(P(^)+^) : / : + Y iKvWp) + strg^P+(ad v) (ad n^))a/ , 

I3£S+: /3e5+ 

where p+ is the projection of g on g+. 

Furthermore, introduce the following fields of conformal weight 1 and | for v G go and 
V G g-i/2) respectively: 

(2.7) = Y ^ ^"^[«.,.] ^ (^ e go) 

(2.8) v^^ = Y : ^"^^^K,K,.]] : (t' G 0-1/2) . 

a,/3e5i/2 
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Theorem 2.1. (a) For G 0o let J^""^ = J^'"^ + v^^ . Then, provided that v G q\ we 
have (io(J^^^) = 0, hence the homology class of J^""^ defines a field of the vertex alge- 
bra Wk{9, X, f) of conformal weight 1. 

(h) [LxJ^'"^] = {d + {l-j)\)J^'"^ +6jo\^{\siT^^{ixdv)-{k + h^){v\x)) ifve gj, and the same 
formula holds for J^'"^ if v G 0o • 

(c) [J^^^aJ^""'^] = J^I^'^^'l^ + X{k{v\v') + ^{ks{v,v') - Kg^{v,v') - Ki/2{v,v'))) provided that 
v,v' G 5o, where Ki/2 is the supertrace form of Qq on Qi/2- 

(d) For V G 0-1/2 let 

q{v} _ j(f ) _|_ ^ne _|_ ^ . j{[-",U0])^l3 . 

- ^ {k{v\up)+stiCQ^{adv){aduf3))d^'^ . 

Then provided that v G qLi/2' have dQ{G^"^) = 0, hence the homology class of G^""^ 
defines a field of the vertex algebra VFfc(0,x, /) of conformal weight |. This field is pri- 
mary. 

(e) Provided that a G 0*' and v G qLi/2' '^^ have: 

Proof, (a), (b) and (c) were proved in |KRWj . Theorem 2.4, by making use of the A-bracket 
calculus. The proof of (d) and (e) is similar. In the calculation of the A-bracket of L with 
{v G qI^i^) we find: [LaG^^>] = {d + |A)G^^> + A^ c„$" , c^, G C. Since do{L) = 0, 
do(G{''i) = and (io(^>°) = v^", we conclude that aU c„ = 0. 

□ 

3 A digression to homology 

In this section we collect some general facts about homology that will be used in the sequel. 

Let y be a vector superspace with an odd endomorphism d such that = 0, and let 
H{V,d) = Ker d/lm d denote the homology of the complex iV^d). The following well known 
lemma is very useful. 

Lemma 3.1 (Kiinneth lemma). Let iV^d) be a complex, and suppose that V = Vi®V2 and 
d = di®l + l®d2. Then the canonical map HiVi, di) ® i/(V2, ^2) HiV, d) is a vector space 
isomorphism. 

The next lemma is probably well known too. 

Lemma 3.2. Let q be a Lie superalgebra and let d be an odd derivation of q such that d'^ = 0. 
Extend d to an odd derivation ofU{Q). Then H := H{Q,d) is a Lie superalgebra too and the 
canonical homomorphism ofU{H) to H{U{Q),d) is an isomorphism of associative algebras. In 
particular, if IL = 0, then H{U{g),d) = CI. 
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Proof. First, it follows from the Kiinneth lemma that 

(3.1) HiS'^id), d) = 5"(F(g)) for any n G Z . 

Indeed, by the Kiinneth lemma, holds if S is replaced by T . But since the action of the 
symmetric group Sn on g®" commutes with the action of d, p.lf) holds too. 
Next, consider the exact sequence of vector spaces: 

^ Un-l{9) ^ UniQ) ^ 5"(0) ^ , 

where {Un{Q)}n is the increasing PBW filtration of U{q). This exact sequence induces a long 
exact sequence of homology: 

H{S''{Q),d) ^ H{Un-i{9),d) ^ H{Un{d),d) ^ H{S^{g),d) ^ H{Un^i{g) ,d) , 

where 5 is the boundary map. Recall the construction of 5. Take w £ H{S^{g),d). By 1)3. 1(1 . 
we can choose a representative w of w, which is a polynomial in the closed elements of g. Take 
the preimage tt; of in Unid) via the supersymmetrization map. Then the class of dw lies in 
H{Un-i{9), d) and we let 6{w) = dw. But dw = 0, hence 6 = and we have the exact sequence 

^ F(C/„_i(g), d) ^ H{Un{Q),d) ^ /7(S"(g), d) ^ . 

By induction on n, this proves the lemma using (|3.1|) . □ 

Lemma 3.3. Lei 0^c^g^g^0 6ean extension of Lie superalgebras and let d 
be an odd derivation of g such that d{c) = 0, so that d induces a derivation d of g, and 
suppose that d{g) is contained in an ideal J of q such that J n c = 0. Let A : c ^ C 
be a Lie superalgebra homomorphism and let cx C g + C • 1 denote the subspace {c — A(c) 
|c S c}. Then 

H{U{Q),d))/{c,) = UiH{Q,d))/{cx). 

Proof. Include J in a complementary subspace g to c in g, choose a basis of J, extend it to a 
basis of g and denote by U{q) the span of the PBW monomials in this basis. Then C/(g) is a 
d-invariant subspace of U{q) and we have a vector space decomposition: U{q) = U{c) C/(g). 
Hence, by the Kiinneth lemma we have: 

H{U{g), d) = U (c) H{U (g), d){ tensor product of vector spaces) , 

and the lemma follows. 

□ 

Lemma 3.4. (a) Let R be a Lie conformal superalgebra with an odd derivation d (i.e., d[ax b] 
= [da\b\ + {—lY^'^\a\db\) such that d^ = 0. Extend d to a derivation of the universal en- 
veloping vertex algebra V{R). Then H := H{R,d) is a Lie conformal superalgebra too, and the 
canonical homomorphism of its universal enveloping vertex algebra V{H) to H(V{R), d) is an 
isomorphism of vertex algebras. In particular, if H = 0, then H{V{R),d) = C|0). 

(b) Lemma cl\ holds if we replace Lie superalgebras by Lie conformal superalgebras and 
universal enveloping algebras by universal enveloping vertex algebras. 

Proof. Since ^(-^^ is identified with U{R-), where R- is the space R with the Lie superalgebra 
bracket [a,b] = f_Q[axb]dX |GMSj . |BKj . Lemma 13.41 follows from Lemmas 13.21 and 13.31 

□ 
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4 The structure of the vertex algebra Wk{Q,x,f) 

Denote by C'^ the vertex subalgebra of the vertex algebra C{q, x, f, k) generated by the fields 
ifa and do{ifa) for all a G 5*+. From |KRWj . formula (2.4), we have: 



J^"'^) + i f\Ua) if « G 5+\Si/2 . 

Using this and |KRWj . Lemma 2.1(a) we get 



[do(^a)A</';3] = (-l)^(")E^^(^")<^7- 

7 

It follows that 

is closed under the A-bracket and is do-invariant. Hence we have a Lie conformal algebra 
complex {R, do), and the homology of this complex is obviously zero. It is also clear that is 
the universal enveloping vertex algebra of R. Applying Lemma 13.21 we obtain: 

(4.1) H{C+,do)=C\0). 

Next, denote by the vertex subalgebra of the vertex algebra C{g, x, f, k) generated by 
the fields J*^") for all u G q<, the fields for all a G 5+ and the fields for all a G Si/2- 
Then obviously we have: 

(4.2) C{g,x, f,k) = ® C~ (as vector spaces). 
Recall that r |KRWj . formula (2.4)): 

(4.3) doi^n = -1 Y (-ir^^^^^^^c^,/^^ 



(4.4) doi^p) = {Ua,Up)neip'' , doi<^^) 



ae5- 



1/2 



It follows from formulas (|2.6|) . ()4.3|) and 1)4. 4|) that C is do-invariant. Hence by the Kiinneth 
lemma, (|4.H) and (|4.2|) imply 

(4.5) Wk{9,x,f,k)=H{C-,do). 

Now we can state and prove the main theorem on the structure of the vertex algebra 

Theorem 4.1. Let q be a simple finite- dimensional Lie superalgebra with an invariant bilinear 
form (. I .), and let x,f be a pair of even elements of q such that ad x is diagonalizable with 
eigenvalues in and [x,f] = —f. Suppose that all eigenvalues of ad x on g-^ are non-positive: 

= ej<o9j- Then 
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(a) For each a G d~j{j — 0) there exists a do- closed field J^""^ in C of conformal weight 
1 + j ( with respect to L) such that J^°'^ — J^'') is a linear combination of normal ordered 
products of the fields where b G < s < j, the fields <^a, where a G S112, and 
the derivatives of these fields. 

(b) The homology classes of the fields J^"'^, where oi, 02, . . . is a basis of compatible with its 
^^l:- gradation, strongly generate the vertex algebra Wk{Q,x, f) and obey the PBW theorem 
(see Remark \4.^ below). 

(c) Ho{C{g,x,f,k),do)=Wk{Q,x,f) and Hj{C{Q,x, f,k),do) = if j ^ 0. 

Proof. Define an ascending vertex algebra fltration of C~ by the following relations: 

deg|0) = 0, degr = 0, deg/'') = j + i if r;G0_,- (j G , 
deg = (a G S1/2) , deg = j - i ii e Qj (j > 0) . 

The differential do of induces the following differential of the associated graded vertex 
algebra GrC~: 

(4.6) di(j('^))= Y.i[f,v]\up)^f,d,i^^) = 0, di(cl>") = (^", di(|0)) = 0. 

Since the pair (x, /) is good, by (ll.llj) . for each r > 1, r G ^Z, we can choose elements G gi-r 
{a £ Sr) such that 

(4.7) (/I [u",up]) = for all a, /3 G 5. . 
Note that 

(4.8) 0<= C^/"e0{. 
Then we have from 1)4. 6() : 

(4.9) (ii(j("")) = (^", aG5+\5i/2. 

Note that GrC^ is the universal enveloping vertex algebra of the Lie conformal algebra 

(4.10) ^=Y^ J(^) + c[a](^" + ^ c[a]$" + c|o) , 

divided by the ideal generated by |0) — |0)Gr (where all A-brackets vanish, except between the 
$"'s). It follows from (j3H), (EU, and LemmaESJb) that the vertex algebra H{GtC- , di) 
is strongly generated by the elements J^'"\ v G g^. 

Note that this first term of the spectral sequence is concentrated in zero charge, and since 
the corresponding differential and all higher differentials change charge by —1, we conclude that 
the spectral sequence converges to H{GrC~ , di). 
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Note also that di preserves the conformal weights, i.e., the eigenvalues of Lq. Since the 
eigenspaces of Lq on C~ are finite-dimensional, the complex C~ is locally finite. Hence the 
spectral sequence converges to the associated graded vertex algebra of H{C~ , do)- 

Hence, given a G q_- {j e Z+) the field can be extended to a closed field J^""^ with 
respect to do, of the form: 

(4.11) J^"> = + (finite sum of lower degree terms) . 

By the charge considerations, the lower degree terms do not involve the fields ip"', and hence 
they are linear combinations of normally ordered products of the fields J^^\ and their 
derivatives. This proves (a). The statement (b) follows from (a) by applying the Kiinneth 
lemma (to ()4.2p ) and ()4.1|) . The statement (c) follows from (b). 

□ 

Remark 4.1. Since the exact elements of the complex (C~ , do) have obviously strictly negative 
charge, the vertex algebra Wk{Q, x, f) is a subalgebra of the vertex algebra C{q, x, f, k), which 
consists of do-closed charge elements of C~ (i.e. the complex has the so called formality 
property). Using this, one can compute the elements J^""^ recursively. It is easy to see that for 
a given a G the solution is unique if j = or —1/2. However, for j < —1 the solution is 

not unique, except for the following cases: j = —1 and Qq = 0; j is a negative half-integer and 
dimQj = dim0_i/2 . 

Remark 4.2. Write each field J't"'}^ in the form J^°-'^{z) = J2n&-Ai Jn^ z~'^~^\ where Aj is 
the conformal weight. Then the property that the J'f"'^ strongly generate the vertex algebra 
Wk{Q,x, f) means that the monomials, 

(4.12) (Jitl)'n'/iml)'' • • • (^itl)'lO) where 6^ G Z+ , 6^ < 1 if is odd, and > - 1 , 

span this vertex algebra. The property that they obey the PBW theorem means that the 
monomials (|4.12() . where the sequence of pairs (zi,mi), {12^^2)1 ... is decreasing in the lexico- 
graphical order, form a basis of Wk{Q-, x, /). 

5 The structure of vertex algebras Wk{g,e-g), associated to minimal grada- 
tions. 

A ^Z-gradation of the Lie superalgebra q is called minimal if it has the form 

(5.1) = 0-1 e 0-1/2 ©00 ©01/2 ©01 

and satisfies the following additional properties: 

(a) 01 = Ce and 0_i = C/, where e and / are even non-zero elements, 

(b) (|5.1jl is the eigenspace decomposition with respect to ad x, where x = [e, /]. 

Since {e, x, /} is an s£2-triple, the minimal gradation is determined, up to conjugation, by 
the nilpotent element /. Note that 0'' is the centralizer of this triple, and we have: 

(5.2) 0^ = {aG0o|(x|a) =0}, 0-^ = 0-i + 0-i/2 + 0^ • 
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Choose a Cartan subalgebra f} of the even part of go- Then f) is a Cartan subalgebra of the 
even part of g and x G f), so that t)^ := {h e = 0} is the Cartan subalgebra of the even 

part of 5^. In particular, we have 

(5.3) [) = t}^®Cx. 

Let A C f)* be the set of roots of f} in q. Choose a subset of positive roots A_|_ C A such 
that a{x) > if Q G A+, and let 9 be the highest root. Hence e = eg and / = e_e are root 
vectors attached to 9 and —6. 

It follows from the classification of simple finite-dimensional Lie superalgebras |Klj that such 
a Lie superalgebra q carries a non-degenerate even supersymmetric invariant bilinear form and is 
not a Lie algebra iff g is isomorphic to si{m\n) / 5m,nd {m,n > 1, {m,n) ^ (1, 1)) , osp{m\n) = 
spo{n\m) (m > 1 , n > 2even), L'(2,l;a), -F(4), G{3) or H{n) {n > 6even). It is easy to 
see that in the case of H{n) the gradation (|5.1j) corresponding to e-e has dimg-ti > 2, hence 
does not satisfy (a). In all the remaining cases the even part of g is reductive. Thus, 9 is 
the highest root of one of the simple components of the even part of g (which is g if g is a 
simple Lie algebra), and therefore the adjoint orbit of e (which coincides with that of /) in this 
simple component is the unique non-zero nilpotent orbit of minimal dimension in this simple 
component. 

Conversely, if 9 is an even highest root of g for some ordering of the set of roots, choosing a 
root vector e G go and embedding e in an s^2-triple {e, x, /}, we obtain a minimal ^Z-gradation 
given by the eigenspaces of ad x. Thus, up to conjugation, minimal ^Z-gradations of g are 
classified by simple components of the even part of g whose highest root can be made a highest 
root of g for some ordering of A. It is easy to see, using the description of A in |Klj . that this 
is always possible except when g = osp{2>\n) and the simple component of its even part is S03. 

We normalize the invariant bilinear form on g by the condition {9\9) = 2. This determines 
uniquely the Casimir operator of g and hence its eigenvalue 2/i^ on g. The number is called 
the dual Coxeter number of the gradation (|1.1|) . We shall identify f) with f)* using this form. 
Then we have: x = 9/2. 

Since [e, /] = we obtain (e|/) = ^, and since [a, h] G Ce for a, 6 G gi/2; we get 

(5.4) [a,6] = 2(a,6)nee (a,&Ggi/2). 
Since in general |KW3j 

(5.5) strg(ad a)(ad h) = 2h^{a\h), a, 6 G g , 
and {x\x) = 1/2, we conclude by letting a = b = x in (|5.5() that 

(5.6) sdim gi/2 = 2/1^ - 4 . 

(Note that this equality means that sdim [g, e] = 2/i^ — 2.) 

The above discussion gives a complete list of minimal gradations of g, along with g^, hy and 
the description of the g''-module gi/2 (— gli/2)) which is given below (cf. |FLj . |KEWj ): 
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I. is a simple Lie algebra: 






0^ 


01/2 







0^ 


01/2 




sin {n > 3) 


gin-2 




n 








9 


SOn [n > 5) 


s£2 © S0„_4 




n - 2 


£"6 






12 


spn {n > 2) 


SPn-2 


(j-.n-2 


- + 1 




S0l2 


spin 12 


18 


G2 




5^C^ 


4 




E, 


56 — dim 


30 



II. is not a Lie algebra, but is and 0i/2 is purely odd (m > 1): 






0^ 


01/2 







0^ 


01/2 




sl(2\ra) {m / 2) 




C™ © C™* 


2 — m 


D{2,l;a) 


s£2 © S^2 


C^©C^ 





s^(2|2)/C/ 


Si2 


©C^ 





m 




spin-j 


-2 


spo{2\m) 


SOm 




^ 2 


G(3) 


G2 


7 — dim 


3 
2 


osp(4 m) 


8^2 © SPm 


©C™ 


2 — m 











III. and 0*^ are not Lie algebras (m,n > 1): 






0^ 


01/2 




s£{m\n) {m ^ n,m > 2) 


gt{m — 2 n) 


(j~<m— 2|n f^m—2\n* 


m — n 


se{m\m)/CI{m > 2) 


s^(m — 2\m) 


(^m—2\m (j~jm— 2|m* 





spo{n\m) {n > 4) 


spo{n — 2 m) 


(j~<n— 2|m 


n—m 1 1 
2 "1" 


osp{m\n) {m > 5) 


osp{m — 4 n) © s^2 


(^m-4|n ^2 


m — n — 2 


m 


L>(2,1;2) 


0^-®-^ (6 4) — dim 


3 


G(3) 


osp{Z\2) 


-3 1 

(g)=^>o (4 4) - dim 


2 



Now we turn to a more detailed description of the vertex algebras VFfc(0, C-e) corresponding 
to minimal gradations of 0. First, note that the central charge of the Virasoro field L{z) defined 
by (|2.2j) is given by the following formula (we use (|5.6j) here): 

^,\ , i\ A;sdim ^, , w 

(5.7) c(0,e_e,A;) = -^-p-^ -6/c + /i^ -4. 

Note that 

(5.8) sdim = sdim ^ + 2 sdim 0i/2 + 3 = sdim g^ + Ah^ — 5 . 

Let be the Casimir operator of 0o for the bilinear form (. | .) restricted to go. Since the 0o- 
module 0_i/2 (a'nd0i/2) is either irreducible or is a direct sum of two contragredient modules, 
has only one eigenvalue on 0_i/2 (equal that on 01/2)) which we denote by /ii/2- 

Lemma 5.1. /ii/2 = /i^ — 1. 

Proof. Let Sj C A denote the set of roots of \) in 0j and let po = \ X^aeA+nSo^"'''-'^^"^'^' '^'^^^ 
we have: 

(5.9) 2p = 2/>o+ (-l)^^°^a + ^. 
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It follows from H5.4() and the non-degeneracy of the form (. , .)ne , that 

(5.10) a G Si/2 iff ^ - a e S1/2 ■ 
Let II G 5i/2- Then, by (|^ . and we have: 

2(/x|p) = 2(/z|po) + ^ (-lf("nM«) + (^-H«)) + (H^) 

aeSi/2 

= 2(/i|po) + ^ sdim 01/2 + 1 = 2{n\po) + /i^ - 1 . 

Thus, we obtain 

(5.11) 2(^|p - po) = /i"" - 1 ■ 

Let n = El=ih'K + 2p + 2ZaeA+(^-»ea (resp. = El=ih'hi + 2po + 2 

SaeA+nSo ^-"^") Casimir operator of g (resp. of go), where (ea|e_a) = 1, {h^\hj) = 5ij. 

We have: 

Q. = 2{p- po) + ^0 + 2 ^ e-aSa + 2e_0e6) , 

ae5i/2 

hence 

2/1^ = Qe^ = 2{p - po\p)e^ + /ii/2e;, + 2[e^.„e, [ee-^, e^]] . 
Hence, using (|5.1H) . we get: 

/i^e^ = {hi/2 - l)e^ + 2[e^„e, [eg.^, e^]] . 

But the second summand on the right is ae^, where a = Cg_^^c^__gg. Hence, it remains to 
show that a = 1. We have: 

aee = [ee_^, [e^_0,ee]] = [[ee_^j, e^_0],ee] = {9\6 - p)ee = eg, hence a = 1 . 

□ 

We denote by h^^ the dual Coxeter number of the i^^ simple component g\ of with 

respect to the bilinear form (.|.) restricted to g-. We have the following more precise version of 
Theorems 12.11 and 14 . 1 1 in the case of a minimal gradation. 

Theorem 5.1. (a) All the fields J^^^z), a £ q\ and G'^^'^z), v G g_i/2, (see TheoremWl\). 

are primary fields of the vertex algebra Wfc(g,e_5)) of conformal weight 1 and |, respec- 
tively. 

(h) The fields J^">(z), a G g^, G^'"^ {z) [v G g-1/2) o.f^d L(z) strongly generate the vertex 
algebra Wk{Q,e^e)- 

(c) Let {u°'}aeSo '^^^^ basis to {ua}aeSo> ^-^v {ua\u^) = Sa/s, a, /3 £ Sq. Then we have 

the following equality in Wk{9,e-e): 

A; + /jV V ^ ^ 

-i J^(-1)P(°) : J("")j("") : -i(fc + /i^) ^ :a$"$„ : -(fe + l)aj(^)) . 
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(d) [jW^jW] = j{[aM} + A((A; + i/i^)(a|6) - |Kgo(a,^)), and [ji'^>AG^^>] = Gi["'^']>. 
[GM aGW] = -2(A; + /iV)(e| [u, v])L + (e| [n, v]) Z^eS^ ■ J^""> J^"'^^ : 

+ : . +2{k + l)(a + 2A) J^[[^'"l'''l'> 

76S1/2 

where 

c{u,v) = {e\[u,v]){-{k + h^)c{k) + {k + ^) sdiuiQ^ -lY^hl^sdiuiQ^) 

i 

c{a,b) = /c(a|6) + ^strg^(ad a)(ad 6) 

= + ^)(«l&) - i«^0o(a' ^) + iStr0+ ad {[a, b]){a, b £ qq) . 

Here the superscript \ denotes the orthogonal projection of Qo on q\ Ua and (resp. and 
u' ) are bases of (resp. gi/2) such that {ua\u°' ) = 6aa' (resp. {u^,v? )ne = (^-yyj. 

Proof. The claim (a) for the fields J^"J' was proved in |KRWj . and for the fields G^'"^ in Theo- 
rem 0;d). 

In order to prove (b), it suffices to show, in view of Theorem 14.11 that L can be written in 
the form const. J^-^ J' (described in Theorem 14. if a) 1 . From |KRWj . formula (2.4), we have: 

d,{^e) = e + \, doif) = ^ (-l)P(")P(^)c;_, : e.^^ : . 

76S 

Since / only if 7 < 0, we see that : e/ : + : /e : is homologous to —/ + •••. Here and 

below • • • signify a linear combination of normal ordered products of fields of conformal weight 
< 2. Hence, by the Sugawara construction, := |q^(: e/ : + : /e :+•••) is homologous 
to —-jTff^vf + • • • • In view of Theorem 14.11 this proves (b). The statement (c) is obtained by 
solving the system of equations (4.12) for a = —-^^f^vf and inserting the solution in (|4.11|1 . We 
use Lemma IS.ll in this calculation, (d) follows from Theorem 12.ir cl. (e) is obtained by a very 
long, but a straightforward A-bracket calculation. 

□ 

Remark 5.1. Let n G gj, u G Then we have 

(5.12) strg_(ad ii)(ad v) =strg_(.(ad n)(ad v) — strg_^ ad [u,v\, 

(5.13) strg^(ad n)(ad t>) = |(Kg(ti, v) — Kg^ (u, v) + strg^ ad [u, u]) . 

Formula (|5.12j) follows by a simple computation from the formulas strg^A+ = ^^g^^ (— 1)^^"'* 
(^+Mq|u°), strg_^_ = X]ae5+ (~^)^*'"^ {ua\A-u'^)^ where A± € End0±, and Ua,u'^ are dual 
bases of g+ and g_ : {ua\u^) = Sap. Formula (|5.13|) is immediate from (|5.12j) . 
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Likewise, we have strgy(ad v){ad u) = {Qqv\u). Hence 

(5.14) strg(,(ad t;)(ad u) = hi/2{v\u) if u G Q1/2 , v £ q_i/2 . 

Since [v,u] = [v,u]^ - {v\u)x, u € 0i/2i v E S-i/2) where the superscript ^ denotes the 
orthogonal projection of go on g'^jWe obtain, using (|5.6j) : 

(5.15) strg_^ ad [v, u] = —{v\u){h^ — 1) . 

It follows from (|5.13|) . (|5.14j) . (|5.15|) and Lemma WA\ that in the case of Wk{Q-, e-g) the last term 
in the formula for G^'"^ in Theorem 12. II is equal to 

-{k + 1) J2 (^|n/3)9<i>^ = 2(-i)p(^)(fc + i)a$[,,,]. 

Remark 5.2. If Kg^^{a,b) = 2/iQ(a|6) for all a,b [fl^fl^], in particular, if [g^S^] is simple, we 
have the following relation: 

2 + hi/2 sdim 01/2 = h'^ sdim go - h-Q sdim [g^ g''] , 

which is obtained by calculating strg^ilo using (|5.12jl . This relation allows one to compute /ig- 
Note also that in this case we have u,v £ g-1/2: 

(a) E^e5,/, c'{[u,n'r]\ [u^,v]^) = {e\[u,v]){k + ^)(sdim gi/2 + 1), 

(b) c(n, v) = -{e\ [u, v]){{k + h'^)c{k) - (/c H 2-^)(sdim go + sdim gi/2)}- 

It turns out that the dual Coxeter numbers /iq ^ for g from Table I are equal to the usual Coxeter 
numbers of the Lie algebras gj (as in Table I), except for g = G2, in which case = si2 and 



Kq = 2/3. For Tables II and III the numbers Kq^ are given in Table Hq. 

Table Hq 



9 


st{m\n) 


s^(to|to) /<CI 


spo(77|m) 

(77,to)^(2,4) 


OSp(4|77) 


OSp(to|77) 
777 >5 


F(4) 


G(3) 


F(4) 


G(3) 




si{m — 2\n) 


s£{m — 2|to) 


spo{n — 2\m) 


SPn 


osp{m—4:\n) 


S07 


G2 


^(2,1; a) 


osp(3|2) 




TO — 71 — 2 


-2 


{n-m)/2 


2 

-1-77/2 


2 

TO— 77 — 6 


-10/3 


-3 





-2/3 



Theorem 15.11 implies a "free field realization" of all vertex algebras VFfc(g,e_5i). In order to 
state the result, recall the 2-cocycle on go[t,i~^] (cf. ()2.5|) and (|5.5|) '): 

(5.16) afc(ar , bt^) = m5„,_„((A: + /i^)(a|6) - ^Kg,{a, b)) . 

Let go = go[^5*~^] + CI be the affine Lie superalgebra corresponding to this cocycle (a, 6 € 
go , m,n G Z): 

[at'", = [a, 6]*"^+" + ak{af^, bt"")! , 
and let FQ,^(go) be the corresponding universal affine vertex algebra. 



17 



Theorem 5.2. The following formulas define a vertex algebra homomorphism ofWk{Q,e-g) to 

ne J ■ 

^ : : -(A: + l) ^ 

QeSi/2 Q!eS'i/2 

a,/3e5i/2 

Proof. Let g< be the affine superalgebra associated to the Lie superalgebra g< and the 2- 
cocycle at on g<[t, extended from So[*5*~^] to 0<[t,t~^] triviaUy. Theorems 12.11 and 15.11 
give us a reahzation of the vertex algebra Wk{Q-,e^g) as a subalgebra of the vertex algebra 
^fc(0<) ® ^(^ne)- The reahzation given by Theorem 15.21 is given by the homomorphism of 
Kifc (0< ) ® i^(^ne ) to Vaj. (flo) ® -^(^ne ) induced by the canonical homomorphism g< — > So- (We 
use also Remark 5.1 to simplify a coefficient in G^""^ .) □ 

Remark 5.3. Replacing V^^. (go) and -F(^ne ) in Theorem 15. 21 bv their twisted versions, we obtain 
free field realizations of twisted superconformal algebras, in particular, the Ramond sector (see 
[KW5] for details). 

6 Highest weight modules over Wfc(0,x, /) 

Let y be a vertex algebra with a conformal vector that is the field Y{u, z), corresponding to 
u, is of the form Y(u, z) = Ylnez ^nZ^^ '^, where the L„ form a representation of the Virasoro 
algebra with central charge c, L_i coincides with the infinitesimal translation operator and Lq is 
diagonalizable on V |K4j . If a G y is an eigenvector of Lq with eigenvalue = conformal weight 
A(a), one writes Y{a,z) = ^nei^~A{a) an-z""'"^*-'^'*- Recah |K4j that one has the following 
commutator formula for Y{a,z) and Y{b,w): 



A(a) + m- 1 



(6.1) [am,bn]= 2^ ( . j {a^j)b)m+n , 

where A (a) is the conformal weight of a and 0(^)6 is the j*^ product in V . In particular, 

(6.2) [Lq , On] = -nan ■ 



Recall that a F-module is a vector space M and a collection of End M- valued fields {Y^^ (a, z) 
(Ml) y*'^(|0),z) = Im, i.e., |0)^ = (5„,o, 



X]nGZ-A( ) ^n^-^ " ^'"'laeV) such that the following properties hold: 
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(M2) y^^(L_ia,z) = j-Y^{a,z), i.e., (L_ia)f = -(n + A(a))ar, 



(M3) y^'^(a(_i)6,2) =: Y^\a, z)Y^\b, z) :, 

/A(a)+ 



(M4) [a*^6^^] = (AW+^-i^ (a(,)6)i^_,„ (cf. CB), 



(M5) Lq is diagonalizable on M with eigenvalues bounded below. 

Suppose that V is strongly generated by a collection of fields {J^'^^{z) = X]meZ-A(i) 
J^m^-z'^'^^^^^lie/, where J^*> has conformal weight A(i) G M. Then by (lO) . we have: 

(6-3) ["^m^ ) '^n''^] = C^,n(^) ^ •^/2 ^ • • • ' 

where the sum is finite and for each term of this sum we have: 

(6.4) tr eZ- A{sr) , ^ = m + n and h < t2 < ■ ■ ■ ■ 

r 

Denote by A the unital associative superalgebra on generators Jm^ {i £ I,m ^ X — A(i)) 
and defining relations (|6.3() . Let A-, and be the subalgebras of A generated by the Jm^ 
with m < 0, m > and m = 0, respectively. It follows from (M4) that any ^-module M is an 
^-module. It follows from ()6.3p and (|6.4p that 

(6.5) A = A-AoA+ . 

By (|6.2j) . Lq lies in the center of hence each eigenspace of Lq in M carries a representation 
of ^0- 

Denote by the unital associative superalgebra on generators Jq*^ {i G I) and the defining 
relations (cf. (|6.3p '): 

(6.6) , = X: 0)jt^ Jt^ .... 

s 

It is clear from 1)6. 3|) , 1)6. 4j) and (|6.5() that the representation of in the eigenspace of 
with the minimal eigenvalue induces a representation of the associative superalgebra ^o- 
The proof of the following theorem is immediate from the above remarks. 

Theorem 6.1. Let M be an irreducible V -module. Then the representation of Aq in the 
eigenspace of with the minimal eigenvalue is irreducible, and this representation uniquely 
determines M . 

Example 6.1. Let V = Wfc(g,e_e). Recall (Theorem 15. ip that V is strongly generated by L, 
primary fields J^""^ (a G g^) of conformal weight 1 and primary fields G^""^ {v G 0-1/2) of con- 
formal weight 3/2. The fields G^^^ obviously do not contribute to Aq, and, by Theorem l^.l^ c). 
relation 1)6. 6() is simply [Jq"^ , Jq^^] = Jq^"'^'-*^. Hence 

Ao = UiQ^) ® C[Lo] ~ U{qo) . 
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Recall that, given a restricted g-module P of level k (i.e., K = kip), one constructs the 
associated C{q, x, f, A;)-module 

C{P) = P0F{Q,x,f) 

with the differential = Kes z cf^^\z). The homology H{P) of the complex d^) with 

the induced charge decomposition (by setting charge P = 0) is a direct sum of Wk{Q,x, f)- 
modules: 

H{P)=(B,^zHj{P). 

Thus we get a functor from the category of restricted g-modules to the category of Z-graded 
t^fe(0,x,/)-modules |FF2l, |FKW|. jKEWj. 

Let Pq be a g-module on which x is a diagonalizable and U is locally finite (for example, 
a Verma module over g). Extend Pq to a g[t] + CD + CET- module by letting D and gt" for 
n > 1 act trivially, and K = klp^ . The induced g- module 

(6.7) P = U(q) (S)u{e[t]+CD+CK) Pq 

is called a generalized Verma module over g. (For example, if Pq is a Verma module over g, 
then P is a Verma module over g.) 

Theorem 6.2. Suppose that (x, /) is a good pair (i.e., holds) and that P is a generalized 

Verma module overg. Then 

H,{P) = Oifj^O. 

Proof. We have: 

C{P)=C{g,x,f,k)(^Po 
with the following action of the differential: 

(6.8) <(a 0v) = doia) ® f + (^ ^ (-l)^^"V"„-i) ® u^(-n))ia v) , 

where a S C(g, x, /, k), v G Pq- 

Recall that we have decomposition (|4.2|) of the complex C(g, x, /, k), hence 

{C{P),d^) = {C+,do)<S)iC- <S)Po,d^) 

is a decomposition of complexes. Hence by (|4.1j) and the Kiinneth lemma, we need to prove 

(6.9) Hj{C- Po, d^) = if j / . 

We extend the filtration of , introduced in the proof of Theorem 4.1, to the complex 
(C- Po, d^) by letting 

deg V = —j if V G Pq and 7r(x)f = jv . 

Then the differential induces the differential df = di ^ 1 on Gr(C^ ^ Pq). Hence it follows 
from the proof of Theorem 4.1 that Hj{C~ Pq , df) = if j 7^ 0. Also the bicomplex C~ Pq 
is locally finite since Pq is a locally finite f7(g+)-module. Hence the spectral sequence converges 
to the homology oi {C~ P , d^) and 1)6. 9() holds. 

□ 
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Let f)^ be a maximal diagonalizable subalgebra of the even part of and include f)^ in a 
Cartan subalgebra f) of the even part of go- Let Aj C \]* be the set of roots of f) in Qj and 
let Ao+ be a subset of positive roots of Aq. Then f) is a Cartan subalgebra of the even part 
of g and A = \[ - Aj is the set of roots of f) in g, A+ := Ao+ IJ(lJj>o ^j) being the subset of 
positive roots. Denoting by no+, no-, n+ and ri- the sum of all root spaces corresponding to 
Ao+, — Ao+, A4. and — A+, we obtain the triangular decompositions: 

(6.10) g = n„ © f) © n+ go = no_ © f) © no+ . 

Recall that a Verma module over g with highest weight A G [)* is the module f/(g) ®u{i)+n+) 
Cvx, where Cvx is a 1-dimensional i) +n+-module such that n+vx = and hvx = X{h)vx for all 
/i G f). ^ 

Let i) = i) + CK + CD be the Cartan subalgebra of g. We extend the bilinear form (. | .) from 
^ to ^ by letting {i)\CK + CD) = 0, {D\D) = {K\K) = 0, = {D\KJ = 1, and identify 

f} with f}* using this form. Given k, we extend A G {)* to A G f)* letting A|(, = A, X{K) = k, 
X{D) = 0. 

A Verma module over g with highest weight A of level A: is a generalized Verma module ()6.7p 
for which Po is a Verma g-module with highest weight A. Any quotient of a Verma g- module 
with highest weight A is called a highest weight g-module. 

Recall that the Euler-Poincare character of the Z-graded W^^Q, x, /)-module H{P) is defined 

by: 

diH(P){h) = ^(-l)^tr^^.(p)(?^0e4'^^ ^h^^y 

As usual, we define the character of a g-module P by ch.p{H) = tipe^ , where -ff G f). We let, 
as usual, p = D + p. Let P be a highest weight g-module with highest weight A of level k. 
Due to |KRWj (see Remark 3.1 there), we have the following formula for ch^i^p-^ in terms of 
chp: 

(A|A+2p) 
q2(k+h^) ^ 

(6.11) c\iH{P){h) = j-joo _ gjyiml) -^^^^^ {2TTi{-TD - TX) + h) 

00 

xJJ( Jl (l-s(a)g"-ie-"(''))-"(")(l-s(a)g"e"('^))-^(") JJ (1 - s(a)g"-^e"('*))-^(")) , 

n=l QeAo+ aeAi/2 

where R is the Weyl denominator for g, s{a) = (— 1)^*^"), q = e^'^*'^, h G f)''. 

Now we shall define a Verma module over the vertex algebra WA;(g,x,/), assuming that 
the pair (x, /) is good. The isomorphism (|1.12j) and the triangular decomposition (|6.in|) of go 
induce the following decomposition of g-^ as f}^ -modules: 

(6.12) g-^ = no- © [) © no+ © gi/2 , 

compatible with the gradation (jLlOj) . 

Example 6.2. In the case of a minimal gradation we have ^ = no- © f)'' © no+ and \) = \)^ + Cx, 
so that the decomposition (6.12) is identified with ()5.2|) via the identification of x with / and 
gi/2 with g_i/2 given by ad /. 
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Choose a basis {ai\i = 1, . . . , s} of compatible with the decomposition ()6.12|) . the root 
space decomposition with respect to l)^ of (|(i.l2|) and the gradation Let J^'^^^z) = 

Snez-A{i) Jn^ z~^~'^^^^ be the field of Wfc(g, x, f) corresponding to Oj (given by Theorem 14. lb ). 
Recall that the conformal weight A(i) = 1 + j if G Q-j {j G ^^+)- We order the Oj in such 
a way that form a basis of [). A W^fc(g, /)-module M is called a highest weight 

module with highest weight A = (A(ai), . . . , X{ar)) G C, if there exists a non-zero vector w such 
that: 

(HWl) Wk{Q,xJ)v = M, 
(HW2) 4"^v = X{ai)v if a,; G [), 
(HW3) J^,i^v = if m > 0, or m = and Oi G no+. 

Note that the following vectors span a highest weight Wfc(g, x, /)-module M: 
(6.13) 

{ill \ / li. }\ 

J-m^ ■ ■ ■ "^-m ^ ) where hi G Z_|_ , 6j < 1 if is odd, > , or mj = and G no- . 



—mi / \" — m, 

A highest weight Wfc(g, x, /)-module M is called a Verma module if the vectors (|6.13() . where 
the sequence of pairs (ii,mi), («2 5 ""1-2)) • • • decreases in lexicographical order, form a basis of 
M (cf. Remark I4.2() . It is clear that any irreducible VFfc(g, x, /)-module is a highest weight 
module, hence is a quotient of the Verma module with the same highest weight. 

Theorem 6.3. Let P he a Verma Q-module with highest weight A G f)*, where A|(j = A, X{K) = 
k, X{D) = 0. Then H{P) = Hq{P), and it is a Verma Wk{Q, x, f) -module with highest weight 
Xw £ f)* such that 

(6.14) Xw\i,i = A|[,i, and Xw{x) = ^2lk + hy) ~ ^^^^ ' 

Proof. It is clear from (|6.8|) that the vector v = Cg> |0), where v-^ is a highest weight vector 
of P and |0) is the vacuum vector of F{Q,x,f), is d^-closed in C{P). Furthermore, it is easy 
to see that Wk{Q,x^ f )v is a highest weight submodule of the iyfc(5, x, /)-module H{P) with a 
highest weihgt vector v. 

Next, it is clear from Theorem l4. ll that Wk{Q, x, f)v is a Verma module. Due to Theorem l6.21 
it remains to show that the Euler-Poincare character of H{P) coincides with the character of a 
Wk{Q, X, /)-Verma module. Since Rchp = e^ by definition of a Verma g-module P with highest 
weight A, we obtain from (|6.11|) the following formula {h G i)^): 

chj^(p)(/i) = e^^^k^^^+^'^^'^^Ylil - q^)-^'"^^ 

i=i 

00 ^ 
xJJ( Ylil- s(a)(?"-^e-"('^))-^(")(l - s(a)g"e"('*))-^(") 11 " s(a)g''"2 e"^'^))-*^")) . 

n=l aeAo+ aeAi/2 

But, in view of (6.12) and (6.13), this is precisely the character of a Wk{Q, x, /)-Verma module 
with highest weight Xw satisfying 1)6. 14|) . 

□ 
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Corollary 6.1. (a) For any A G there exists a Verma Wk{Q, x, f) -module with highest 



(b) Ifai,aj G t), then [J^'\j^^^] = in Aq. 
Proof, (a) is immediate by Theorem Ifi.l-il (b) follows from (a) and by induction on 



In conclusion of this section, we construct an anti-involution to of the associative superalge- 
bra A and the corresponding contravariant form on any highest weight module over Wk{Q, x, /). 
We call an anti-involution of an associative superalgebra (resp. Lie superalgebra) a vector su- 
perspace automorphism lo such that = 1 and uj{ab) = u!{b)Lu{a) (resp. co[a, b]] = [uj{b),Lo{a)]). 

First, we construct an anti- involution uj of the Lie superalgebra g such that the following 
properties hold: uj{x) = —x, uj{a) = aifa Gt)\ oj{f) = f, uj{Qa) = Q-a if a G Aq, {uj{a)\u>{b)) = 
(6|a), a,be Q. 

Next, we lift u to an anti-involution of the affine Lie superalgebra g by letting w(a„) = 
a;(a)_„ -|- 2K{a\x)5o^n (the extra term occurs because the field x{z) is not primary), uj{K) = 
K, uj{D) = D. Recall that we write a{z) = ^neZ-A^'n.z~^~^ , where A is the conformal 
weight of a{z). Furthermore, uj induces a super vector space automorphism of A^^ such that 
{uj{a),io{b))ne = {b,a)nc- Also UJ induces a super vector space automorphism of A, which in 
turn induces an automorphism of A* by uj{b*){a) = — (— l)^(°^^'-*^f)*(a;(a)), so that we have 
on Ach'- {uj{a),uj{b))ch = {b,a)ch- We extend this uj to an anti-involution of A^e (resp. A^h) 
by letting tj(^>„) = $ G A^e (resp. u;((/9„) = -(-1)p('^)cj((^)_„, uj{ip*^) = uj{<f*)-n, 

ip € A, ip* £ A*), uj{K) = K. Next, uj induces an anti-automorphism of the tensor product of 
[/fc(g) = U(q)/{K - k), Ui{Ane)/{K - 1) and Ui{Ach)/{K - 1). The associative superalgebra 
A{C) corresponding to the vertex algebra C{q,x, f,k) is the "local completion" of this tensor 
product, i.e., it is generated by the Fourier coefficients of normal ordered products of currents 
a{z), a G 0, ghosts ^a{z), ^"'{z), ^a{z) and their derivatives. We extend the anti-involution uj 
to A{C) in the obvious way. 

In order to compute the action of uj on normally ordered products, we need the following 
lemma. 

Lemma 6.1. Let U be an associative superalgebra and let uj be its anti-involution. Let a{z) = 
Snez-Aa ^(^) ~ ^n&~Ai^nZ~^"^'' be two U -Valued formal distributions such 
that Aa, Aft G ^Z, and let : ab : (z) = "^neZ-Aa-At • be their nor- 

mally ordered product. Define the formal distribution uj{a) (and similarly uj(b)) by uj{a){z) = 



weight A. 



the conformal weig ht of J^"^^ 

(cf. jEEWj). 



using that ^0 ^1;^ = \{ai)v ii v is the highest weight vector 



□ 



Z]ne-Aa+Z'^("-n)^ 



-"-Aq 



Then: 



uj{: ai 



b -.n) =■■ uj{b)uj{a) + ^ 

k&Z+ 



n-Aa + Ab 
k + l 



(cj(6)(fc)6j(a)) 



Proof. We have for n G — Aq — A;, -|- Z: 



: ab : 



■n — 



^ a,5„_, + (-ir('^)^'('') ^ b, 



^n—kOik ■ 
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We let Hab = —n — + A;, to simplify notation (note that it is an integer). Applying uj to 
both sides and replacing A: by j + n, where j £ — A^ + Z, we obtain: 

uj{:ab:n)= ^ ^(6),a;(a)_,-_„ + (-If J] a;(a)_,-_„a;(6),- . 

j+At<nab j+Ai,>nab 

First, consider the case Uab < 0. Then the last equality can be rewritten as follows: 
uj{: ah -.n) = uj{b)uj{a) :_„ - ^ [a;(6)j, u;(a)_j_„] . 

n„5<j+A6<0 

The commutator formula (6.1) gives the result in this case, by making use of the following 
identity that holds for any negative integer A and non-negative integer k: Yl~s=A (fc) ~ 
The case > is treated similarly. 

□ 

Usng Lemma 6.1, it is straightforward to check the following formulas: 



(6.15) u;(L„) = L_„, 

(6.16) oj{vt) = uj{vf\ + 5jo5no{2h:^ {x\v) - strg+adw) if w G Qj , 

(6.17) a;«^) = (a;z;)- if^;G0^ 

(6.18) uiJ^^^) = Ji'i"^^ + (5jo(5„o(2(A; + h''){x\v) - strg^adv) if i; G Qj , 

(6.19) u;(jW) = jl:(''»if^;Gs^ 



It is also straightforward to check that u;(d„) = so that do is fixed by w. Hence 

Lo induces an anti-involution of the associative superalgebra A corresponding to the vertex 
algebra Wfc(g, j;, /), which we again denote by uj. It follows from (6.18) that, for v E 0'^i/2' 
have: uj{G^'"^) = + ■ ■ ■ > where • • • denote a field from the subalgebra strongly generated 

by the J^"-\ a G and the Since the fields and w(G^^>) are do-closed, it follows 

from Remark O that uj{G^'"^) = G^'^(^)^ hence we obtain 

(6.20) .;(Gi''}) = Gt^'^»if^G5{,/2. 

Now let M be a Verma module over Wk{Q, x, f) with highest weight vector vx. Any vector 
V £ M can be written uniquely in the form v = {v)v\+v' , where {v) £ C is called the expectation 
value of V, and v' is a linear combination of weight vectors with X. The basic property 
of the expectation value, which follows from the decomposition ()6.5|) is 

(6.21) {uj{a)vx) = {avx) , a£A. 

We define the contravariant bilinear form B{. , .) on M by the formula: 

B{av\,bv\) = {uj{a)bvx), where a,b £ A. 
By the definition, this bilinear form is contravariant: 

(6.22) B{au,v) = B{u,uj{a)v) , u,veM,a£A, 
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we have 

(6.23) B{vx,vx) = l, 
and it follows from (|6.2H) that it is symmetric: 

(6.24) B{u,v) = B{v,u) , u,v e M . 

The properties (|6.22j) — (|6.24j) determine the form B{. , .) uniquely. 

As usual the maximal submodule of the Verma module M coincides with the kernel of the 
form B{. , .). 

7 Highest weight modules over vertex algebras Wk{Q,e^0) and the determi- 
nant formula. 

Theorem 7.1. (a) The map that associates to an irreducible Wk{Q, e-0)-module M the lowest 
eigenvalue h of Lq and the representation of the Lie superalgebra in the corresponding 
eigenspace M^, given by a ^ Jq"^^ > ^ qK ^-^ ^ bijection between irreducible modules of 
Wkid, C-o) and the set of pairs (/i, vr), where vr is an irreducible representation of 

(b) All Verma Wk{Q, e^o)-modules are of the form Hq{P), where P is a Verma Q-module with 
highest weight A. The highest weight A^y of such a Wk{Q, e-g)-Verma module is completely 
determined by ^6.14] ), the number Xw(x) being the lowest eigenvalue of Lq. 

(c) The Euler-Poincare character ch^^p-^ is non-zero if and only ift^^eg is not locally nilpo- 
tent in the Q-module P. 

Proof, (a) and (b) follow from Theorems 16. H 16. 3( Example 6.1 and (|6.3j) . (c) follows from 
|KKWj . Theorem 3.2. □ 

Consider now a Verma module M over the vertex algebra Wk{Q,e^0). Its highest weight 
A\Y is a pair A,h, where A G f)''* and /i G C is the lowest (i.e., Re h is minimal) eigenvalue of 
Lq. We have: 

4""^^(A,h) = MO')v{A,h) , aet}\ io^^{A,/i) = /iW(A,/i) , 

where i'(A,h) is the highest weight vector of M. With respect to the commuting pair {'i)\LQ), 
M decomposes into a direct sum of weight spaces: 

(7.1) M = e xet,^, M^x,h+m) , 

so that M^f^^i^-j = Ci;(yv,/i). It is clear that these weight spaces are mutually orthogonal with 
respect to the contravariant form B(. , .). 

Denote by 1^: a i— > the projection of f) on f)^ with respect to the decomposition (|5.3|) . 
Then we have for a £ i): 

(7.2) a = {a\x)e + aK 
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Let C Pi''* be the set of roots of with respect to the Cartan subalgebra f)^ and let 
be the subset of positive roots compatible with that of g. It follows from that the "rho" 

for A^, i.e. the half of the difference between the sums of the sets of even and odd roots from 
A^, coincides with p'^. Let A' C f)''* be the set of weights of in Qi/2- 

We define the set of roots Aw of the vertex algebra Wk{Q, x, f) as the disjoint union of three 
sets of pairs {a,m) G i)^* x ^Z: 

A\y = {{a,m)\a G A^ m G Z} , A'^^. = {{a,m)\a E A' , m E i + Z} , A'i^ = {{0,m)\m E Z} , 

the multiplicity of a root being 1 for the first two sets (except for the case g = sl{2\2)/CI 
discussed in Section l57Hl and being r = dimf)'' + 1 for the third set. Define the subset of real 
positive roots A^^ (resp. all positive roots A^) as the disjoint union of the first two (resp. all 
three) of the following subsets: 

aS+ = {(a,m)|aE A^mEN}U{(a,0)|aEA^}, 

A'+ = {{a,m)\aeA',mel + Z+},A^+ = {{0,m)\men}. 

A root (a, m) is called odd if the corresponding to a root or weight vector is odd. We define 
the corresponding partition function Pw{i]), rj E \y* the number of ways r/ can be 

represented in the form (counting multiplicities of roots): 

fc^a , where ka E Z-|_ , and A;^ < 1 if a is odd. 

We denote by det(^ .,)(/;:, /i, A) the determinant of the contravariant form B{. , .) restricted 
to the weight subspace M(^_^ /^^.^^ , r/ E Z+A^, s E ^Z+, of the Verma module M with highest 
weight (A, h). This is a function of the level k (or, in view of 1)5. 7|) . of the central charge c), the 
lowest eigenvalue h of Lq and of A E l)^* . 

In the determinant formula given below we use the normalization of the bilinear form (. | .) 
on Q such that {6\9) = 2. The corresponding value of h'^ is given in Tables I-III. The form (. | .) 
restricted to f)^ is non-degenerate, and we identify with [}^* using this form. 

Theorem 7.2. Let r/ E f)^* x ^Z. Then, up to a non-zero constant factor, depending only on 
the choice of a basis of the weight space the determinant det}y(/c, /i. A) is given by the 

following formula: 

(A: + /i^)("-^)^->"«^'^(^-(°''™")) Yl (/i-/i„,„(A:,A))^^(^-(0'™")) 

X n n n(^-vn.,7(^>A))(-i)'''^'^""^'^-(^-(^'-)), 
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where 



^n,mAk,^) = (A + p1/3)+m(A: + /i^)-f(/3|/3), 

hn,m,^{k, A) = ^^^1^((2(A + p^|7) + 2m{k + /i^) - n{j\^)f - {k + if + 2(A|A + 2p^)) , 

Vm(A;,A) = -^^l^((m(fc + /i^)-n)2-(A; + l)2 + 2(A|A + 2p^)). 

Theorem 17.21 follows from Theorem 17. lb and some lemmas on Verma modules over q stated 
below. Recall that a weight vector of a g-module (resp. the weight fj.) is called singular 
if ^ and is annihilated by n+ := n+ + X^„>i 0i"- Recall that the set of roots of g is 

A = {a + mK\a G A U {0} , m 7^ if a G 0}. A root a + mK of g is positive if either a £ A-|- 
and m £ Z+ or q G — A-|- U {0} and m G N, it is even iff a is even, and it has multiplicity 1 
unless a = 0, in which case the multiplicity is r = dim f). 

Lemma 7.1. IKR]/ . ]K2^ . Let P he a Verma Q-module with highest weight A. Let a be a positive 
root ofQ and let n be a positive integer. Suppose that (A + p\a) = ^(d|d). Then A — na is a 
singular weight of P in the following cases: 

(i) a = a + mK is an even real (i.e., a is an even root) positive root, such that is not an 
odd root, 

(a) a = a + mK is an odd positive root such that 2a is an even root and n is odd, 
(Hi) d = a + mK is an odd positive root such that 2a is not a root and n = 1. 

Remark 7.1. This lemma follows from the determinant formula for the contravariant form 
on a weight space with weight A — ?? of a Verma module with highest weight A over any 
contragredient Lie superalgebra q{A,t) associated to a symmetrizable matrix A and the anti- 
involution uj{ei) = (fi), uj{fi) = Ci, uj{hi) = hi [K2j: 

det,(A)= n n ((^ + H«)-§(«I«))^~'^''"''"^''''^''""°^''"'" 

a6A+ neN 

where P is the partition function for g(A, r). (Unfortunately there is a misprint |K2j in the 
exponent of this formula: n + 1 is missing there.) The determinant formula for g, which is a 
special case of the above formula, is as follows: 

det^(A) = {k + /iV)E™.„a-P(5?-™"^) JJ JJ((A + p\a) - |(d|d))^(^-"") 

neN ci 

nel+2Z+ p 7 

where d, (3 and 7 run over the positive roots described in (i), (ii) and (iii), respectively, and 
P^f denotes the number of partitions not involving 7. Of course, both determinant formulas are 
given up to a non-zero factor depending on the choice of basis of the weight space. The latter 
determinant formula implies that for a generic A on any hyperplane k = a, where a 7^ — /i^, the 
Verma g-module with highest weight A is irreducible. 
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Lemma 7.2. Let P be a Verma Q-module with highest weight vector v^, and let v^_^^ be a 
singular vector corresponding to one of the singular weights described by Lemma \ 7.1\ cases 
(i)-(iii). Then 

(a) in cases (i) and (ii), the map f7(n_) — > P defined by u ^ "^("^x-na)' injective, 

(b) in case (Hi), the map C/~"(n_) P, defined by u ^ u{vj_-), is injective, where C/~"(n_) 
denotes the span of all PBW monomials in negative root vectors, except for that corre- 
sponding to —a. 

Proof. In all cases (i)-(iii) we have: = (e"^ + • • • where e_a is a root vector attached 

to —a and • • • signify a linear combination of products of root vectors e_^, where < /3 < a. □ 

A weight vector of a VFfc(0, e-0)-m.odx\\e is called singular if it is annihilated by all "raising" 
operators L„, ji"^, G]^^ for n > and Jq"^ for a G no+ (and it is non-zero). 

Lemma 7.3. Let P he a Verma module overg with highest weight A = X + kD (X £ q) of level 
k, and let |0) be the vacuum vector of F{q,x, f). 

(a) Let u be a singular vector of the Q-module P with weight X — na, where a = a -\- mK is 
as in Lemma \7.1\ (i)-(iii) and {a\x) =0, 1/2 or 1. Then the homology class of the vector 
u |0) is a singular vector of the Wfc(g, e-0)-module H{P). 

(b) If u is a weight vector of P with weight fi, then the weight of the vector u of the 
Wk{g,e-0)-module H{P) is: 

. (A|A + 2p) _ ^ _ 

2(fc + /tV) ~^(^ + -^))' where II = . 

(c) The condition (A + pi^mK + a) = ^(a|a), a G A, m,n G on X is equivalent to the 
following condition on the highest weight (A, /i) of the Wk{Q,e^Q)-Verma module H{P): 

'Pn,m,a^{k,-^) =0 if {x\a) = , 

K,m+i/2,a^ (k, A) = /i if {x\a) = 1/2 , 
hn,m+i{k,-^) = h ifa = 9. 

Proof. It is clear that if u is a singular vector of the g-module P, then the vector u<^\0) of C{P) 
is d^-closed. It is also clear that this vector is annihilated by all raising operators. It follows 
from the computation of H(P) in Section IHl that if u is a singular vector of the type considered, 
the vector u |0) is not dg -exact, proving (a). 

Statement (b) follows from the following expression for Lq : 

(7.3) Lq = ^^^^^v) - D - x+{ ghost terms) , 

where Q is the Casimir operator for g |K3j . hence has eigenvalue (A|A + 2p) on P. 
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Statement (c) is derived from (b) by a straightforward calculation. By ()7.2() we have: 

(7.4) (x + p\X + p) = l(X + p\e)' + + . 
Letting A = in 1)7. 4|) . we get 

(7.5) ^p\p) = l^h^ - If + {p\p^) . 
Using (b), 1)7.4(1 and (|7.5|) . we find h, the minimal eigenvalue of Lq: 

(7.6) h = 4(^^((A + Pl^) - {k + /.^))2 - (fc + 1)2 + 2(A^|A^ + 2p^) . 
Furthermore, we have by (|7.2I) : 

(7.7) (A + p\mK + a) = m{k + /i^) + (q|x)(A + p\e) + (A^ - pV^) • 
In particular, we have, provided that (a|x) 7^ 0: 

Plugging this in (|7.6() . we get, provided that (a|x) 7^ 0: 

(7.8) h = 4(fc ^ /,v)(c,|^)2 (("^ + + ^'') - + ^1"^-^ + «) + + /^V^))' 
,2,, , ,,2 , (A^|A^ + 2/>^) 



(a|x)2(A: + l)^ + 



2(A; + /iV) 

By (|7.7p and (|7.8|) . the condition (A + /j]mK + a) = ^(a|a) is equivalent to: 

'Pn,m,a^{k,>^^) = if (a|x) =0, 

h = /i„,m+i(^, a'') if a = 6*, 
h = K,m+i/2,a^ (k, A*") if {a\x) = 1/2 . 

□ 

Proof of Theorem 7.2. The proof follows the traditional lines, cf. e.g. jKRj . Choose an ordered 
basis {uQ,|a € A^}]J{nQ|i = 1, ... ,r — 1} of consisting of root vectors and a basis of i)\ 
such that {uj{ua)\ui3) = Sa/s and {uq\uq) = dij. Choose an ordered basis {v^\'y G A'} of Q-1/2 
consisting of weight vectors such that {uj{vfj),v.y)ne = 5/37- 

Due to Theorem 15.11 the vertex algebra is strongly generated by the fields of the following 
three types: 



7,^ 



L{z) = Y,L 

mail 

■ij^i} ^-m-3/2 



m ^ 



(fc + /lV)l/2 
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We shall need the following commutation relations: 

jYl — jYl ^^^^ 

(7.9) = 2mLo H ^-^ — cffc). where cffc) is given bv H5.7() . 

(7.10) [J^\ J^^] = + m{k + Ki)) (^1^') (see Theorem ICTlV 

i 

(7.11) [GW,Gi'2] = -2(e|[t;,^;'])Lo + ^-i^^(T;,^;',m), 

where A{v,v' ,rn) is a (possibly infinite) linear combination over C of monomials of the form 
j{"/3} ^j^]^ n > plus a polynomial of degree at most 2 in Jq""^ and fc, not involving k"^ 
(see Theorem 15. lb ). 

Let M be a Verma module over Wk{Q, e-e) with highest weight vector UA,h- Recall that the 
following vectors form a basis of M compatible with its weight space decomposition ()7.ip : 

(7.12) (Gi;^ VHGi;Tf • • • (^-"„? VH-/l"n7 • • • {L^m.riL^m.r ■ ■ ■ ViA,h) , 

where ai,bi,Ci G Z+ and ftj (resp. q) < 1 if (resp. 7^) is odd; mi,ni,ri > or = and 
ai is a negative root; and each sequence mi,m2,...; (ai,ni), (02,^-2), ■■ (71, ri), (72,^2),... 
is strictly decreasing. Note that in the weight space decomposition (|7.1j) the vector (|7.12j) has 
weight 

(7.13) (A - ^ HiOi - ^ ri7i , /i + + + ). 

The function detj^(A;, h, A) is a rational function in k and a polynomial function in h and 
A. First, we compute the total degree of this function (by letting the degree of k, h and A be 
1 and defining the degree of a rational function as the difference between the degrees of the 
numerator and the denominator). 

Let {Ri} be the basis of the weight space M^y^ consisting of monomials 1)7.12(1 such that 
(|7.13j) is equal to (A, h) — rj. Then 



detfjik, h, A) = det{B{Ri, Rj)) 



It is clear from ()7.9|) - (|7.11|) that the leading term of detf^ comes from the diagonal of the matrix 
{B{Ri, Rj))ij, and that the leading term of each diagonal term B{Ri,Ri) is the product of 
leading terms of factors of (|7.12j) . i.e., the following three types of factors: 

D/m m \D/ j{Ua}n j{Ua}n ^ D//^{'^7}"' /^{v-yjn \ 

B[I^-mV(A,h) , -l^-mViA^))^ ^['J-m ^(A,/i),«^-m '^{A,h)>^^{'^-m V(A,h) , '^-m ^^(A,h)j • 

It is clear from (|7.9|1 - (|7.11|) that each of these factors contributes n to the total degree of detjj. 
Hence the contribution to the total degree of all first type factors is equal to 

^ J^n(Pw^(^-n(0,m))-Pty(^-(n + l)(0,m))) = ^PH^(^-n(0,m)). 

jieNmGN TieNmeN 

Likewise, the second (and resp. third) type factors with u (resp. v) even contribute to the total 
degree the number 

H XI Pwiv-na) (resp. ^ Pwiv-n-/)). 
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If u (resp. v) is odd, then the second (resp. third) type factors contribute 

J2 PwAv-a) (resp. ^ Pw,^{r]-j)), 

where Pw,a denotes the number of partitions by elements from A^\{a}. But if a is an odd 
root, we have: 

Pwiv) = PwAv) + PwAv-a) , 

therefore 

PwAv - «) = J2{-ir-^'Pw{v-na) . 

neN 

Thus, the total degree of detjj is equal to 

(7.14) ^= E 

Of course, in 1)7. 14() and the previous formulas the a in the summations are counted with their 
multiplicities, namely a G A^"*" is counted r times. 

The same arguments show that the total degree in h and A of the leading term of detj^ is 
equal to 

r' = r-(r-l) Pwiv-iO,mn)). 

m.nSN 

But Lemmas 17.11 17.21 and 17.31 give us a factor of detj^ whose leading term has total degree in h 
and A at least T' (since singular vectors that are not highest weight vectors lie in the maximal 
submodule of H{P)). (The corresponding to md + a root is {a^m + a{x)).) It follows that, 
up to a factor, which is a rational function in k with poles only at k = —h'^, det^ is given by 
Theorem O 

In order to compute this factor, note that the free field realization given by Theorem 15.21 is 
irreducible for a generic Verma Va,.{Qo)-''^odule, provided that for each simple component of go 
(including the commutative ones) the level plus the dual Coxeter number /iq of this component 
is non-zero. But for a simple component its level is — /ig, hence (/c+/i^ — /ig) + /ig = k + hy 

for all components. Thus, on any hyperplane /c + /i^ = a, a 7^ 0, the generic Verma V^j.(0o)- 
module is irreducible. Hence the factor may vanish only if + /i^ =0, hence the factor is a 
power ol k + hy . 

□ 

Remark 7.2. In the case when 1^(0, e^e) is from Table II, i.e. 31/2 is purely odd, the determinant 
formula, given by Theorem 17.21 can be a bit simplified, using the fact that all elements from 
^-1/2 different from —9/2 are isotropic. Let e = 2 if G A' and e = 1 otherwise. Then the 
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determinant detjj{k, h,A) is given by the following formula: 

m— nSZ 



where 



^„,„,;3(fe,A) = (A + p^|/3)+m(A: + /i^)-§(/3|/3) 
1 

4(A; + /iV 



V7(^>A) = , ((2(A + p^|7) + 2m(fc + /i^))^-(fc + l)^ + 2(A|A + 2p^)), 



V-(^,A) = -^^l^((rn(fc + /iV)-n)2-(A: + l)2 + 2(A|A + 2p^)). 

8 Examples 

8.1 Virasoro algebra. 

Recall that the Virasoro algebra is Wk{sl2-,&-e)- In this case dim go = 1> 0i/2 = ^"^^ 
= 2. We let go = Ca, where (a|a) = 1. Then x = a/y/2 since {x\x) = 1/2. The Virasoro 
central charge is given by ()5.7() : 

6(fc + l)^ 

The free field realization is given by Theorem 15.21 

T 1 , k+l ^ 

L = — : aa : H — ■= oa , 

2{k + 2) ^{k + 2) 

where a is a free boson: [a^a] = A(A; + 2) . We can remove the singularity at A; = —2 by letting 

L=i:66: + (ij^)^/^56. 

This is the free field realization of the Virasoro algebra, which goes back to Virasoro and Fairlie. 
The determinant formula given by Remark 17.21 looks as follows: 

det^(A:, h)= \{{h- KAW^''"^'''^ ,Ne'L+, 
where p is the classical partition function and 

Km{k) = 4(fcq:2) ^^""^^ + " ""^^ " + ^^'^ ■ 

This is the Kac determinant formula |K2j . |KR j . Note that it was observed already in |FF2j 
that under the quantum reduction the Kac-Kazhdan equations for 5/2 are transformed to Kac 
equations for the Virasoro algebra. 
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8.2 Neveu Schwarz algebra. 

Recall that the Neveu-Schwarz algebra is Wk{spo{2\l), e-g). In this case go is the 1- 
dimensional Lie algebra, Q1/2 is 1-dimensional and purely odd, and = 3/2. We use the 
notation of jKBWj . Section 6, except for a different normalization of the invariant bilinear 
form, namely {a\b) = sir ab. Then for h = 9 we have {h\h) = 2, and we have a free neutral 
fermion $ such that [^x^] = 1. The vertex algebra Wk{spo{2\l), e^g) is strongly generated by 
two fields: 

j{/2.} ^ j(/2.)+ . $J(/.) . _1 . J{h)j{h) . _k+ldjih) ^2k+3.^Q^. 

The fields L = — ^4.3/2 '^'^'^^°'"^ G = (^^3/2)1/2 J^^"^ satisfy the relations of the Neveu- 
Schwarz algebra: 

[LxL] = {d + 2X)L + , [LxG] = {d + |A)G , [GxG] =L+>^c, 

where the central charge is (see 1)5. 7() ): 

3 _ I2(k+lf 
^ ~ 2 2fc+3 • 

As in Theorem 16.21 we project to the tensor product of the affine vertex algebra associated 
to 00 and F^^ {Q112) to obtain the free field realization. In order to remove the singularity at 
k = -3/2, we let b = J^^)/{2k + J,)^'"^, so that [bxb] = A, and let 7 = (A; + l)/(2fc + 3)^^^ As 
before, [^a^] = 1- Then we get: 

L=\:bb: +-fdb - i : : , G = ^ : 6$ : +V2jd<^, 

the central charge being c = 3/2 — 127^. This is the free field realization of the Neveu-Schwarz 
algebra which goes back to Neveu-Schwarz |NSj and Thorn [Tj (cf. |K4j ) . 

The determinant formula given by Remark 17.21 looks as follows (cf. |K2j . |KWOj ): 

detN{k,h)= n (/i-<^^(A;)r(^-'™"),iVGiZ+, 

m— ngZ 

where p{s) denotes the number of partitions of s G ^'^+ iii ^ sum of parts from ^N, the 
non-integer parts being distinct, and 

hZiik) = 2(2FW) (("^(2fc + 3) - nf - {k + if) . 

8.3 N = 2 superconformal algebra. 

Recall that the N = 2 superconformal algebra is Wfc(s^(2|l), e_e) jKRWj . In this case go is 
the 2-dimensional commutative Lie algebra, gi/2 is 2-dimensional and purely odd, and /i^ = 1. 
The Virasoro central charge is given by ()5.7() : 

c = -3(2A; + 1). 
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Recall that the simple root vectors of q are hi, /12 with scalar products = (/i2|^2) = 0, 

{hi\h2) = 1. We have: f) = C/ii+C/i2, S1/2 = {/ii,/i2}, So = 0, 6' = /ii + /i2- Let a = ^(/ii-/i2)- 
Then f}^ = Ca, p'^ = 0, h\ = —h^ = a. We have two free neutral fermions $1, $2 with the 
A-brackets: 

[$1A$2] = -1, [^^A^i] =0. 

The construction of the vertex algebra in question given by Theorem l5.11 is explicitly written 
down in |KRWj . Section 7 (see (7.1) and formulas preceeding it). To obtain the free field 
realization we project on the affine vertex algebra associated to qq to get 7 = {—k — 1)^/^: 

J = (/i^ _ /i2)+ : $i$2 : ,G+ = -i : $2/11 : +75^'2, = -i : $i/i2 : +79^'i , 
L = -J^ : : +i5(/ii +/12) - i(: ^i5$2 : + : ^25^1 :)• 

Note that the cubic terms in disappear since dimgj^/2 < 3. The filed L is a Virasoro filed 
with central charge c, the fields J (resp. G^) are primary of conformal weight 1 (resp. 3/2), 
and the remaining A-brackets are as follows: 

[JxJ] = ^c, [G^^G^]=0, [JxG^] = ±G^, [G+aG-] =L + (i9 + A)J + f c, 

which is the N = 2 superconformal algebra. We have: uj{Jn) = J-n, tij(G^) = G5f„. 

In order to make the formulas more symmetric and to remove the singularity at k = — 1, 
we let: 

6+ = -i/ii , b- = i/12 , = $2 , V'" = , 

so that [b^xb^^] = A, [b^xb^] = 0, [ip^xi^"^] = 1, ip^xip^ = 0. Then we get the free field 
reahzation by Kato-Matsuda [KM] (cf. ^^): 

J = -7(6+ + b-)+ : V'+V : , G+ =: ^p+b+ : +75^^+ , G" =: ip'b' : -^di^' , 
L =: b+b- : +15(6" - 6+) + \{: i^'d'^^ : + : il>+d^~ :) , 

the central charge being c = 3 + 67^. 

Using the non-Dynkin gradation of s£{2\l), discussed in |KRWj as well, we get another 
"free field" realization of the N = 2 superconformal algebra. In this case go — 5'-^(l|l)) where 
(j^i|i _ _j_ (j^g^^ even, €2 odd, we take the bilinear form (a|6) = strafe on goj and the 
following basis: 

e = E12 , / = E21 , hi = Ell + -£-22 , h2 = Ell ■ 

Consider the associated affine Lie superalgebra go of level k. Then we have the following "free 
field" realization in go with c = —6k + 3 (cf. |KEWj ) : 

J = hi-h2,G+ = -lf,G- =:h2e:-{k-l)de, 
L = -l{:ef ■.-■.hih2:) + \d{hi+h2). 

In order to write down the determinant formula, let A = — ja, where j G C, so that 

(A| A) = -f/2 , iA\hi - h2) = j , (A|a) = j/2 . 

The set of positive roots consists of the set of even positive roots {(0, m)|m G N} and the 
set of odd positive roots {(ita, m)|m G ^ + ^+}) all of multiplicity 1. The partition function 
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Pwiv) is equal to the number of partitions of ?] = {ma, n) in a sum of roots from A^, the odd 
roots being distinct. 

The highest weight (A, h) of a Verma module over N = 2 superconformal algebra is deter- 
mined hy h = the lowest eigenvalue of Lq and j = the eigenvalue of Jq on the highest weight 
vector. 

The factors that occur in Remark 17.21 are k + 1, h — hn,rn{k,j) and h — hn^±aik,j), where 

hm,±a{k,j) = ^^^—^i{±j + 2m{k + l))^-{k + lf-f) = {m''-l){k + l)±jm. 
Hence Remark 17.21 gives the following determinant formula (cf. |KMj l: 

demk,h,j) = Jl U{k + l)h- {m{k + l)-n)^ + {k + lf +f 



m,neN 



Yl (h- ((m^ - l){k + 1) + 



x{h- ((m^ - l){k + 1) - . 

8.4 = 4 superconformal algebra. 

As we shall see, the A^ = 4 superconformal algebra is VFfc(g, e-g), where q = si{2\2)/d . In 
this case g'' = si2, 0i/2 is 4-dimensional purely odd, and as an s£2-iiiodule it is a direct sum of 
two 2-dimensional irreducible s£2-iiiodules. The dual Coxeter number /i^ = 0, hence by 1)5. 7() . 
the Virasoro central charge is: 

c = -6(/c + l). 

The simple roots of g are ai, a2, as, where ai and are odd and Q2 is even, and the non-zero 
scalar products between them are as follows: 

(ai|a2) = 1 , (a2|a3) = 1 , (a2|a2) = -2 . 



The subalgebra g" = s^2 corresponds to the root a2, so that its dual Coxeter number /iq 
and = Ca2- 

We choose root vectors and e_a (a G A_|_) such that {ea\e-a) = —1, so that [e^Ae-a] = 
-a - \K. We use the following notations: = e^,, fi = e_a., eij = ea^+aj, fij = e-a^-aj, 
etc., hi = —ai, hij = —ai — aj, etc. We have: 9 = ai + a2 + as, so that x = — ^/ii23, and we 
take / = /i2s- We have 4 free neutral fermions: 

$1 = , ^>s = , ^12 = ^ai+aa , ^'23 = ^aa+ag , 

whose A-brackets are: 

[$aA^/3] = I a + f3 = 6 , and = otherwise, 

so that $° = $(9-a- 
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Then we have the following do-closed fields, which strongly generate Wfc(g,e_e) (by Theo- 
rem 

jO ^ j(h2)_ . ^^^23 : - : $3$i2 : , J+ = J^'^^- : $i2«'23 : , J~ = J^^'^- : ^i$3 : , 
G+ = -^{J^^'^+ ■■ ^23^^'''^ : - : ^3^^"'^ : -{k + l)a^>23+ : ^3^12^23 , 
G- = . $23j{/2) . + . q>.^jihi2) . + l)a«>3+ : $i«>3$23 , 

G+ = ^( : $12 J^'*'^ : + : $i J^"'^ : -(A: + l)a^>i2- : $i$i2«'23 , 

= : $12^^-^'^ : + : $i J^^'^^ : -(A: + l)d<^>i- : $i^>3$i2 , 

L = -^(/^) + Yl • ^"^^-^"^ + M- /'^"^^/'^i^^) : - : J('^2)j(fe2) .) 

The field L is a Virasoro field with central charge c, the fields J^, (resp. G^, G^) being 
primary of conformal weight 1 (resp. 3/2). The remaining non-zero A-brackets are as follows: 

[J°aJ±] = ±2J± , [J\A = A c, [J+xJ-] = J° + tc, 

[J\G^] = ±G± , [J°AG=t] = ±G± , 

[J+aG-] = G+,[J-aG+] = G-, [J+aG-] = -G+, [J-aG+] = -G-, 

[G±aG±] = (a + 2A)J±, [G±aGT] = ^±K5 + 2A)jO + f c. 

These are the A-brackets of the = 4 superconformal algebra (cf. |K4j ) . We have: uj{J^) = 
J0„, a;(J±) = Jf,, a;(G±) = G5„. 

By Theorem 15.21 the free field realization is given in the vertex algebra 

V-k-2ish) <^ B ^ F""' , 

where y_fc_2(s^2) is the universal affine vertex algebra associated to si2, with the standard 
basis E, H, F and the standard bilinear form {a\b) = tr ab, of level —k — 2 (= —{k + hi^— h^)), 
B is the vertex algebra strongly generated by the free boson 6{z) and F'-^^ is the vertex algebra 
strongly generated by the free fermions $3, $12, ^^23- Explicit formulas are obtained from 
the above formulas for the do-closed fields by projecting on this vertex algebra: 

J° = H- : ^1^23 ■■ - ■ $3^12 ■■, = E- : ^>i2$23 J~ = F- : $1^3 : , 

= ■■ '^23{0 - H) :-: <^3E : -{k + l)d<^23+ ■■ ^3^12^23 :) , 

G~ = ^(i:$3(^ + i^):-:$23i^:-(A; + l)a$3+:$i$3«'23):, 

= -^{h ■■ ^I2{e - H): + :^iE:-{k + l)d^i2-: ^1^12^23 ■■). 

G- = ^(i : $i(^ + i7) : + : $12F : -(A; + l)a$i - : $i^>3$i2 0, 

L = ^(■.0e:-:HH:-2:EF:-2:FE:)-!^d0 

+ i(: ^>i5^>23 : + : $39^12 : + : '^i2d^3 ■ + ■ ^23d<^i ■) ■ 
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Comparing with the character formulas of |ETj . we see that, taking a unitary representation of 
SI2 and that of B such that / < /i, where I is the isospin and h is the lowest eigenvalue of Lq, the 
above formulas give an explicit construction of all massive unitary representations of the = 4 
superconformal algebra. In the case of equality, i.e., the massless unitary representations, this 
construction is finitely reducible. 

Of course, the genuine free field realization is obtained by making use of the free field 
realization of sii given in |Wj . 

Let a = a2|[jh. Then A'' = {=ba}, where ita are even of multiplicity 1, and A' = {iba/2}, 
where iba/2 are odd of multiplicity 2. The set of positive roots A^ consists of the set of even 
roots 

{(±a,m)|m G N} U {(a,0)} U {(0,m)|m G N} , 

where the multiplicity of roots from the first two subsets is 1 and from the third is 2, and the 
set of odd roots 

{(±a/2,m)|m G i + Z+} , 

all having multiplicity 2. 

In order to write down the determinant formula, let A = |a, where j G C. The highest 
weight (A, K) = (j, h) of a Verma module over = 4 superconformal algebra is determined by 
h = the lowest eigenvalue of Lq and j = the eigenvalue of Jq on the highest weight vector. We 
have: 

hn,m{k,j) = i^{{mk-nf-{k + lf-j{j + 2)), 
^n,m,±aik,j) = m/c + n =F (j + 1) , 
hm,±a/2{k,j) = {m^ - l)k=fm{j + 1) - ^. 

Hence Remark 17.21 gives the following determinant formula (conjectured in |KeRj ) : 
detf^(A;, h,j) = Y[ {Akh - {mk - nf + (k + if + j{j + 2))^h/('^-(o.™«)) 

m,nSN 

8.5 = 3 superconformal algebra. 

As we shall see, the = 3 superconformal algebra is W^is, e^g), where g = osp{3\2), 
tensored with one free fermion. The simple roots of q are ai, a2, where ai is odd and 02 is 
even, with scalar products: 

(ai|ai) = , (ai|a2) = 1/2 , (a2|a2) = -1/2 , 

with respect to the bilinear form {a\b) = —str ab. The subalgebra = s/2 corresponds to the 
root 02 so that its dual Coxeter number = —1/2 and [)^ = Ca2. Furthermore, S1/2 = 
{ai,ai + 02, ai + 202} consists of all odd positive roots of g. All positive even roots are 02 
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and 9 = 2{ai + 02)- For each positive root a we choose root vectors Cq and e_a such that 
We use the fohowing notation: 

hmn = mai + na2 , Cmn = efe„„ , fmn = e-h^n ■ 

We have: 9 = /i22; so that x = hn and / = /22- We choose the positive root vectors such that 
the non-zero brackets are as fohows: 

[eio, eoi] = -en , [eio, 612] = 622 , [eoi, en] = ei2 , [en, en] = -e22 • 

Then (eio,ei2)ne = (en,eii)ne = — hence aU non-zero A-brackets between the neutral 
fermions $10, $12 and are as fohows: 

[^10A^12] = 1 , [^>iiA^ii] = -1 , and = $12 , = $10 , = -$11 • 
Since = 1/2 and = -1/2, we have by (t^ : 

[j{a)^ ^ j{M) ^ ^ -^^(^1^) , a, & E 00 . 

The do-closed fields, provided by Theorem 14.11 which strongly generate Wk{Q-,e^e) are as 
follows: 

jO ^ _4j(/ioi) _ 2 : $io$i2 : , J+ = -2j('=oi) - 2 : $i2$n ■ , J~ = 2J^^'''^- : $io$n : , 
Q+ ^ : J^^"^ : : $n./^'°'^ : +{k + 1)9^12 , 

qO ^ : ^laJ^-^"^^ : +| : ^iqJ^^"^^ : - : $n J^''"^ : -(A; + l)9$n , 

= . j{/>i2) . + . j(/oi) + (A: + l)a$io , 

-(: ^>i29^io : + : ^io9$i2 : - : ^ii5^>n ■ 
The field L is a Virasoro field with central charge 

c=-Qk- 7/2, 

the fields J*^, (resp. G", G^) being primary of conformal weight 1 (resp. 3/2). The remaining 
non-zero A-brackets are as follows: 

[jv^] = ±2J^[JV°] = f(c+i),[J^J-] = J°+f(c+i), 

[J°aG^] = ±2G^ , [J+aG-] = -2G° , [J- xG+] = , [J+aG°] = -2G+ , [J^aG"] = -Q- , 
[G\G'] = i(c+l)L-3^: J0j0:+f (c+i)(c-l), [G-AG-]=-i: 
[G+aG+] = -^: J+J+:, [G+aG°] = -3^: J°J+:+l(i-i(c+l))(a + 2A)J+-|j+, 
[G-aGO] = 1: j0j-:+i(i-i(c+i))(5 + 2A)J--Aj-, 

[G+aG-] = -l(c+l)L + i: J-J+:+l(i-i(c + l))(5 + 2A)jO-|jO-g(c+i)(c-l). 
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In order to remove the quadratic terms in A-brackets we introduce a free fermion $ with 
the A-bracket [$a^] = ~ik + and modify the fields L and G as follows: 

L = L- ^ : dm : , G+ = / , G+ - : J+$ : , 

■s/k+l/2 ' 4fe+2 

Then L is a Virasoro field with central charge 

c = c + I = — 6/c — 3 , 

and wc obtain the = 3 supcrconformal algebra, strongly generated by L, the primary fields 
and of conformal weight 1, the primary fields and & of conformal weight 3/2 and 
the primary field $ of conformal weight 1/2. The remaining changed A-brackets arc as follows: 

[J^xG°] = -2A$ , [J^xG-] = -2(5° + 2A$ , [J-aG+] = G° + A$ , [G^aG^] = , 
[G+aG-] = L + |(a + 2A)J° + fc,[G+AG'°] = i(9 + 2A)J+,[G°AG°] = L + fc, 



6 

[G-aG°] = + 2A) J- , [G+A^] = i J+ , [G-A$] = i J- , [G°A$] = -i J° . 



We have: = J0„, a;(J+) = 2Jr„, a;(GO) = G^ a>(G±) = Gf„, a;($„) = 

The free field realization of the N = 3 supcrconformal algebra is obtained from the formulas 

for L, J's and G's by removing the terms containing J^-^\ J^-^^^^ and J^^^'^\ and replacing 

JW by u for « G 00 = I) + Ceoi + C/oi- 

Let a = a2\^i,- Then A^,. = {a} and A' = {±q;, 0}. The set of positive roots A^^g of the 

N = 3 supcrconformal algebra consists of the set of even roots 

{{±a,m)\m € N} U {(a, 0)} U {(0, m)|m G N} , 

where the multiplicity of a root from the first two subsets is 1 and from the third is 2, and the 
set of odd roots 

{{±a,m)\m G i + Z+} U {(0, m)|m G ^ + Z+}, 

where the multiplicity of a root from the first subset is 1 and from the second is 2 (due to the 
added free fermion 

In order to write down the determinant formula, let A = ^a, where j G C. The highest 
weight (A, h) = {j, h) of the Verma module over N = 3 supcrconformal algebra is determined 
by ^ = the lowest eigenvalue of Lq and j = the eigenvalue of Jg on the highest weight vector. 
We have: 

KMkJ) = ^^^i{mi2k + l)-nf-{k + lf-lj{j + 2)), 

^n,m,±a{k,j) = 5(2m(2/c + 1) + n =F (j + 1)) , 
hm,±a{k,j) = (m2-i)fc + l(m2-|^m(j + l)). 
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Hence Remark 17.21 gives the following determinant formula (cf. [Mj): 

det5^(A;, h,j) = {k+ i)^'iv=3.(o.i/2)(f?-(o,i/2)) 

8.6 Big = 4 superconformal algebra. 

In this subsection, q = D(2, l;a), where a £ C\{— 1,0}, is the family of exceptional 17- 
dimensional Lie superalgebras. The big = 4 superconformal algebra (see |KLj . [Hj, |STPj ) is 
obtained from Wk{Q,e-g) by tensoring it with four free fermions and a free boson (cf. |GSj ). 
Recall that g is a contragredient Lie superalgebra with the following matrix of scalar products 
of simple roots Oi (i = 1, 2, 3) |Klj : 

/ 2 -1 

((«i|«i))?j=i = -1 -a 

\ -a 2a 

As in Section [8.51 we use the following notation: 

hmnp = mai + na2 + pas , e^np = e/i^„p , fmnp = d-h^^p ■ 

The set of even (resp. odd) positive roots is: 

hioo , hoQi , /ii2i( resp. /iqio , huo , /iqh , /im) . 

The highest root 6 = /ii2i, and the matrix of scalar products is normalized in such a way that 
(0|0) = 2. 

We choose positive root vectors Ca such that all non-zero brackets (up to the order) between 
them are as follows: [eioo,eoio] = eno , [eioo,eoii] = em , [eoio,eooi] = eon , [eoicem] = 
ei2i , [eooijeiio] = —em , [eno, eon] = — ei2i , and we choose negative root vectors fa such 

that [Ca, fa] = OL- 

For the quantum reduction we take the following s^2-triple: / = /121, e = |ei2i, x = |/ii2i, 
so that f)^ = Cai + Cas, and 0^ = f)^ + Ce^j + Cfa^ + Ccq^ + Cfa^ is isomorphic to $£2 © s^2- 
The subspace Q1/2 is spanned by four odd elements: eoiO) em , eno, eon, and all non-zero 
values of the (symmetric) bilinear form (. , .)ne on Q1/2 ^-re: 

(eoio , eiii)ne = 1 , (eno , eoii)ne = —1 ■ 
Hence the corresponding free neutral fermions satisfy the following non-zero A-brackets: 

[^oioA^ni] = 1 , [^noA^'on] = -1 , 

and 
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$U1U ^ ^^^^ ^ ^iii ^ ^^^^ ^ ^liU ^ ^ ^Uii ^ _ 

The do-closed fields, provided by Theorem 14.11 which strongly generate Wk{Q,e-g) are as 
follows: 

J° = -(a + l)j('^i»'')-(:$oio^iii:-:^iio^oiiO, 
j>0 ^ _a±i j(/^ooi) _ (. . _ . cj,^^^^^^^ .) ^ 

j+ = j(eioo)+ . cI>,,ocI>,,, : , J'+ = j(-ooi)_ . cI>o,,cI>,,, : , 

J- = -{a + 1)J(^™)- : ^oio^'oii ■.,J'-= -ii±l j(/ooi)+ . : , 

Q++ ^ j(/oio)+ . $^^^j(/^oio) . . $Q^^j(eioo) . . $^^oj(eooi) . 

+ fTT ■ ^110^011^111 : +{k + 1)5^111 , 
G— = : $010'/^''"'^ : - : ^iio^^-^"'"^ : + : ^oiiJ^^""'^ : 

: $010^110^011 : +{k + 1)5^010 , 
= : $011'/^''""^ : + : $iii J^-^"'"^ : +^ : ^oio-/^^""'^ : 

-f^ : ^oio^oii^iii ■.-{k + l)(9$oii , 
= j(^oii)- : $noj(''«") : : $010^^'^""'^ : - : ^iuJ^^''°^^ : 

+ : ^OlO^llO^lll ■.-ik + l)a$iio , 

aeSi/2 

+ ^(: (jW)2 . -(a+1) : (j('^ioo))2 . _a±i . (j(hooi))2 ^ fe+i^jW 
-)-^(- j{eioo) j{/ioo) . _|_ . j{/ioo) j{eioo) . _|_ . j{eooi) j(/ooi) . _j_ . j(/ooi) j{eooi) 

-i(: $iii5$oio : + : ^oioa^in : - : $iio5$oii : - : $oii<9$iio • 
The fields J's (resp. G's) are primary with respect to L of conformal weight 1 (resp. 3/2). 
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The non-zero A-brackets between these fields are as follows: 

[J\j0] = _2A((a + l)fc + 1), [J'%J'0] = -2A(^fc + l), 

a 

[J^xJ-] = J° - A((a + l)k + 1) , [J'+xf-] = J'° - A i^-^k + 1) , 

[AJ±] = ±2J^ , [J'\J'^] = ±2f^ , 

[J\G^^] = ±G±± , [J\G^^] = ±G^^ , [J'\G^^] = ±G±± , [J'\G^^] = ^G^^ , 

[J^xG-] = -G+- , [J+AG-+] = , [J'+aG-] = G-+ , [J'+aG+-] = G++ , 

[J"aG++] = , [J-AG+-] = -G— , [J'-aG++] = G+- , [J'-aG-+] = G^ , 

[G++AG++] = .^-^:J+J+:,[G-^G-] = j-^:J-J-:, 

[G ^xG ^] = —-. — : J J'^ ■ , [G+ aG+ ] = — - — : J^J' : , 

" (: J+ J- : + : /+ J'" :) + — JL^a(jO + aJ'^) - — i— SJ" 



(a + 1)2'' ' ■ 2(a + l) ' ' (a + 1)2 

+^^±i_(a + 2A)(J0 - aJ'°) - T-^{J' - «'^'°) + A'(A;(A: + 1) + 



2(o + l)' ' (a + l)2^ ' ' ' ' (a + 1)2 



[G++AG-+] = jV+:+^(^ + fc + l)(a + 2A)J'+, 

(a + Ij^ a + 1 a + 1 

[G++AG+-] = j'0j+:-^(fc + l + ^)(9 + 2A)J+, 

(a + Ij^ a + 1 a + 1 

iG--xG-^] = ^-^:J'0j-:+^(k + l--L^){d + 2X)J-, 
(a + 1)^ a + 1 a + 1 

[G-AG+-] = j0j'-:-^(fc + l-^)(9 + 2A)J'-. 

(a + 1)^ o + 1 o + 1 

Since /i^ = and sdim g = 1, by H5.7() . the Virasoro central charge is equal 

c = —6k — 3 . 

The big = 4 superconformal algebra is obtained from Wk{D{2,l;a),e-Q) by tensoring 
the latter vertex algebra by the vertex algebra strongly generated by four (odd) free fermions 
a , cr~^^ , cr"' , a ^ with non-zero A-brackets [a aO'^^] = ^! [^"^ x^^ ^] = k, and one (even) 
free boson ^ with A-bracket [(,x^] = A/c. 
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Then the five fields a , (t++, a'^ , cr ^ along with the following modifications of the 
six fields J°, J'°, J'±, the four fields G"", G-+ and the field L, close in the 

big = 4 superconformal algebra with Virasoro central charge c = —6k (cf. |IKLj ) : 

J° = j'0 = j'0 + i:a-a++:+i:a+-a-+:, 

J'+ = J'+ + i:a-+a++:, J'-=/- + i:a-a+-:, 

- 1/k ~ fc(a+l) • ^ • +fe(a+l) • . +2fc(„+i) • cr 

~2fc(a+l) • ^ • +fc I2 j • +fc^(a+l) • ^ ^ 

^ = + k(a+l) ■ J ■ - k{a+l) ■ ^ ^ • ~2fc(d+l) • • 

^ - + HKWi ■ ^ ■ +fcl^ • ^ • +2fc(g+l) • 



I g . t'O H — . ,1 lorO-l'^ . t 

"^2fc(g+l) • " • "Tfc 12; • • fc^(a+l) 



^ - Vfc*-^ fc(g+l) • . . J cr . 2fc(a+l) ' ^ 

L = L+^{:da—a++: + :da++a—: + :da-^a+-: + :da+-a-+: + :f:). 

The fields cj's, ^, J's and G's are primary with respect to L of conformal weight 1/2, 1, 1 
and 3/2, respectively. The A-brackets for the pairs (J, J') are zero, and the non-zero A-brackets 
for the pairs (J, G), (J', G), (J, J), and (J', J') are as follows: 

[J\G++] = G++ - Aaa++ , [J°aG— ] = + A^^ , [J\G-+] = -G'^ + Xa'^ , 

[J^xG^-] = G+- - Xaa+- , [J+aG^^] = G+~ - Aacj+- , [J+aG^+I = + Xaa++ , 

[J-;,G++] = -G-+ + AC7-+, [J-aG'+-] =(5-" -A(T— , 

[J'\G++] = G++ + Aa++ , [J'\G-~] = -G- - , [J'\G~+] = G~+ + ^a-+ , 

[J'\G+-] = - Xa+- , [J'+aG— ] = (5-+ + , [J'+xG+~] = -G++ - Aa++ , 

[J'-aG++] = -G+- - Ac7+- , [J'-aG— ] = G— + ^a— , 

[J\A = X'-^ , [J\J^] = ±2J^ , [J\J-] = jO + X~^^ , [J-A J-] = A?^'^ + 
6 

[J'Oa J'±] = ±2 J'± , [J'+A J'-] = J'° + A^^^^ . 

6a 

The non-zero A-brackets for the pairs (J, a) are as follows: 

[JV^] = ±a±^ [J V^] = ±^^^ 

[J+A^=^] = ±aa*^, [J-Aa+^] = Tia=±, 
[JV±] = ±a±± , [J V^] = , 



3a 
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The non-zero A-brackets for the pairs {G, a) and (G, ^) are as follows: 



1/2 



[G+^C] = (5 + A)(|)'^^+^[G=^,e] = (5 + A)(^) 
Finally, the non-zero A-brackets between the G's are as follows: 

[G±+aG^=] = L+-^-l^(a + 2A)(±J° + Gj'0) + ^c, 

[G±±aG^^] = T^(5 + 2A) J'± , [G±±aG±^] = T^(5 + 2A) J± . 

O I J- Qi I J- 

We have: = J^,, u;(J±) = Jf^, u;(JiOj = Ji",, = J%, a;(G++) = Gl„, 

'^(G'n ) = G'-^, a;(o-„ ) = -aa++, uj{a^+) = -aat^ , u{^n) = -C-n- 

Let a = CKil^ii and a' = ccal^ii. Then A?,. = {a, a'} and A' = {ibi(a-|-Q;'), ±^{a — a')}. The 
set of positive roots A^ consists of the set of even roots: 

{(±a, m) , {±a', m)\m G N} U {(a, 0) , (a', 0)} U (0, m)\m G N} , 

where the multiplicity of a root from the first two subsets is 1 and from the third is 3, and the 
set of odd roots: 

{{±^{a + a'),m), {±^{a - a'),m)\m e 

all of multiplicity 1. 

In order to write down the determinant formula, let A = ^{ja + j'a'). The highest weight 
(A, h) of the Verma module over Wk{D{2, 1; a), e_e) is determined by the triple (j, j', h), where 
h = the lowest eigenvalue of Lq and j ad j' are the eigenvalues of Jq and Jq on the highest 
weight vector. We have: 

(Pn,m,±aik,j,j') = ^{{a + l)mk + n T {j + '^)) , 
^n,m,±a'{k,j,j') = -^{{a + l)mk + auT a{j' + I)) , 

u , (k i n'\ - -<3-3'? I 1^2 ly m(j+l+a(j'+l)) 1 

/) 1 fA- 7'^ - , _ l^j- m(i+l-a(j'+l)) _ 1 

V±|(a-a')^ '-^'-^ ^ ~ 4(a+l)^fc + 4^/^^ a+1 2" 
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Hence Remark 17.21 gives the following determinant formula for Wk{D{2,l;a), e_e): 

det^ik,h,j,j')=k^^r.,r.,r,Pwiv-iO,mn)) "Q (/i - j, /))^-(^-(°''"'^» 

m,nGN 

m,nSN 
I3=a,a' 

7=±i(a+a').±|(a-a') 

The determinant formula for the big iV = 4 superconformal algebra is obtained by a simple 
modification of the above formula. First the multiplicities of the following roots increase by 1: 
(0,m) (due to the added free boson) and (±|(a + a'),m), (±i(a — a'),m) (due to the added 
free fermions). This leads to the obvious changes of exponents. Second, one should add the 
obvious power of the eigenvalue of the zero's mode of the added free boson ^. 
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